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PREFACE, 


The object of this work is to explain, illustrate, and apply 
the fundamental principles of the Calculus, in such a manner 
as to bring them within the comprehension of a student, 
having merely a knowledge of ordinary Algebra and Trigo- 
nometry, and to enable him to undertake the perusal of such 
valuable practical works as “ Moseley’s Principles of En- 
gineering,” “ Navier’s L’Application de la Mecanique,” 
“ Whewell’s Mechanics,” “ Hann’s Treatise on the Steam 
Engine,” &c. 

To a person merely acquainted with ordinary algebra, tLe 
Calculus must, at first, appear mysterious and metaphysical ; 
for he has to view abstract quantities, not only in an iso- 
lated form, but as admitting of continuous changes, and of 
taking certain finite ratios as they approach zero or infinity. 
The principle involved in a limiting ratio must, however, be 
eventually understood by every student w’ho wishes to make 
a satisfactory progress in this branch of analysis. I have 
adopted the method of limits almost exclusively in this work, 
because it appears to be the most natural and consistent 
foundation of the Calculus; and with the view to simplify 
this method as much as possible, I have fully explained and 
applied it in the preliminary portion of this treatise, apart 
from the conventional and abstract notation by which the 
condition of a limit is usually expressed. 

It is highly desirable that Teachers and Practical Men 
should possess some knowledge of this most important branch 
of pure mathematics, in order to enable them to understand 
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our best works on mechanical and experimental philos<>phy. 
The great physical laws, by which it has pleased the Almighty 
to govern the universe, must always form a lofty subject of 
contemplation to his intelligent creatures ; but these laws 
can only be duly interpreted by the aid of the symbolic 
language of the higher analysis. 

As a complete knowledge of a great subject, like this, 
cannot be obtained from the perusal of one book, those who 
aspire to a further acquaintance with the higher parts of the 
Calculus must study the works of De Morgan*, Moigno, 
O’Brien, Hymers, Gregory, Price f, Hall, Moseley J, and 
Young. 

T. TATE. 

Batter seat Feb. 1849. 


* “ De Morgan’s Calculus*’ is the largest work on the subject in out 
language. 

f On the method 6f Infinitesimals. 

tt On Definite Integrals, published in the “ Encyclopedia Metropo- 
litfua.” 
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THE 


DIFFERENTIAL AND INTEGRAL 
CALCULUS. 


INTRODUCTORY PRINCIPLES, &c. 

1. Tiie quantities used in the following work are of two 
kinds, constant and variable . 

A constant quantity always preserves the same value 
throughout an investigation, whereas a variable quantity 
in general admits of taking any value we may please to give 
it. Constants are expressed by the first letters of the 
alphabet, and variables by the last letters : thus, in the ex- 
pression a -f bx 2 , the letters a and b are constant quantities, 
and x is the variable. 

2. When a quantity changes gradually, or passes from 
one value to another, by going through all the intermediate 
values, we say that it varies continuously ; and, on the con- 
trary, if the quantity changes abruptly in going from one 
value to another, we say that it varies discontinuonsly. If 
a body move in a curve, its distance from a fixed point will 
vary continuously ; but if, on the contrary, the body should, 
as it were, leap from one point of the curve to another, its 
distance from the fixed point will vary discontinuouslv. 
All quantities are supposed to vary continuously in the 
differential calculus. 

3. When a variable and constants are in any way com- 

B 
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bined in an expression, tliat expression is said to be a 
function of the variable; thus V a + bx+cx 2 9 (a -f bx) n , a*, 
sin. ( a -f #), are all functions of x . Functions are expressed 
by placing the symbols f f 9 8ce. before the variable. Thus, 
if y—a + bx— cx z , we say that y is a function of a?, and we 
should express this relation generally by writing y=f(x). 
The letters f f, used as the symbols of a function, denote 
the way in which the variable is combined with the con- 
stants which enter the expression. It is important to 
observe that f{x) denotes an expression different from r(.r) ; 
and, moreover, in the functions fx) and fy + h), we are to 
understand that, whatever may be the form of the first ex- 
pression with respect to x, the second will have the same 
form with respect to y - f A. 


THE BINOMIAL THEOREM. 


4. This theorem enables us to raise a binomial to any 
power, without going through the process of multiplication. 
The following is the simplest form of this theorem : — 


/i , \n . n (rc — 1) „ , n (w — 1) (»- 


1.2 


2 ) 


1.2.3 


j^-f&c. 


It will be afterwards shown that all other cases may be 
reduced to this form. 

For the sake of conciseness, putting a 17 a 2 , &c., for the 
coefficients of x , x 2 , &e., we have 

(1 -j-x) n = 1 -f- Ajar-f- a 2 x^ -j- . • . -j-A r # r , ... 


where the coefficient of the general term is 

n (n — 1) . . . (n — r-f 1) 

Ar 1.2.3 r ' 


S. To prove the binomial theorem when ike index is a 
positive integer . 
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By multiplication we know, that 

(1 -f ,r) 2 == 1 -f 2x+x 2 , 

(1 -f#) 3 = l 3a? 2 -f a?, 


where it will be seen that the coefficients are formed ac- 
cording to the law in the preceding development. 

We shall now show that if the law for the coefficients be 
assumed to be true for any one power of 1 4- x, it will also be 
true for the next higher power, that is, if it be true for 
(1 +a-) u ~ 1 , it will also be true for (1 -f a?)". 

Let us suppose that (1 +x) 11 ~ l = 1 ■fa 1 * + a a « 2 + &c. . . (1 ), 
where a l9 a 2 , &c. have the same form in reference to n — 1. 
that a j, a 2 , &c. have to n, that is, 


L = W — 1, « 2 — 


( n — 1 ) (n— 2) 


1 .2 


- , &c. 


Multiplying both sides of eq. ( 1) by 1 4- x, we find 

(1 4-a?) w = 1 4- (1 4-«0^ 4 -(«i 4-« 2 )^ 2 4- 0 2 + rt 3)^ 3 + &c., 

where the coefficient of of will obviously be 


But 1 4-« 1= =l +?i— l=?i = A 1 , 


a x + a 2 ~n— 1 4 - 


1.2 



_»(« — 1 )_ 

1 2 ~~ A ‘ 2 ’ 

and so on. Generally the coefficient of x r , or a r _, 4 -« r 

_{n— l)(n — 2) . . . (w — r+1) (»— 1)(» — 2) . . . («-r) 

^ 1 .2. 3. . .>-1) 1 .2. 3... 7 

_ (*-1)0-2) . . . (»-r + l) J «-rl 
~ 1.2.3... 0-1) 1 r J 

n(«— l)(n — 2) . . . ( w — r 4“ 1 ) 

_ 17273. T.r _A ' ; 

(l+a:)*=l+A 1 ^ + A 2 a- 2 + . . . +A/+ &C. 

Hence it appears that if this formula be true for any one 
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power, it is also true for the next higher pow%r ; but we 
know that it is true for the 2nd and 3rd powers, therefore it 
is true for the 4th power, and therefore for the 5th power, 
and so on by continued inductions we conclude that it is 
true for the nth power. 

6 . To prove the binomial theorem , when the index is frac- 
tional or negative . 

Multiplying together the developments of (H-a?) n and 
(1 +07)”*, established in the preceding article, we have, 

(1 +x) n x (1 + #)**=( 1 -f a?) n+m = 1 + g— • * 2 + &c. J 

y { 1+ ^ + -(--LV +&c .}. 

But (i +*)•+-= i + c^) a;+ ( w + w y w +” t -. i -V +& c. 


{ 1 + ”x + p x- + &c.} x {1 + y*+— ^- 2 ^* s +&c.} 
= l+”+™ x+ ( n + m \^ + m -% * +& c. . . . ( 1 ). 


Now although n and m were, in the development of 
( 1 -j- x) H & c., restricted to integer values, yet it is evident 
that the expression for the above product, if true at all, 
must be true for any values that may be given to n and m> 
This result might be verified by actual multiplication, but 
the operation is tedious. 

Let J{n)= . . . (2), 


whatever may be the value of n ; then 

/(>»)= 1 +-JX+ - 2 — x- + &C., 

, , . , , n + m (n + m) (n + m — J) . 

and f(n+m) = 1-1 i — *+- "12 '*+, &c. 
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Hence by eq. (I) we have, 

/(») x/(m): =/(»+*»), 

whatever may be the values of n and m. In like manner, 
/(«) x/(w) x/(p)=/(n+m) x/(p)=/(n + M+p), 
and so on to any number of factors ; thus it appears that the 
product of any number of series, such as that expressed by 
/(n), will produce another series having the same form. 
Hence we have, 


{/(£) } m= f(3 *f (£) x&c - to m factors - 

( — + — 4- &c. to m terms ) 

J \m m J 

=/(») ; 

but when n is a plus integer f(n)={ 1 -fa?)" 5 


taking the mth root of both sides of the equality. 

Hence the series symbolised b yf(n) is the development 
of (1 -fa?)", when n is a positive integer or fraction. 

Let us now consider the case /*(— w), where n may be in- 
tegral or fractional. 

/(«)*/(-»)=/(«-»)=/( 0)=1, 

(because the series (2) becomes unity when w=0). 


••• A” ”> = /W= (TT^ 1 

Hence the series symbolised by f{n ) is the development 
of (1 -f a?)", when n is negative and any integral or fractional 
number. 

Generally, therefore, whatever be the value of the index 
n, we always have, 

(1 +*)"=/(«)= 1-^ i x +— &c - 
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Lastly, because 


(“±*r= a '( i ±iy=“ n { i ±] a +n( iTpy± &c -} 


v(n — 1 ) 0 _ 

_> >'^ / n^2 r ,2 


+ + — -j" 2 J a n ~*x 2j r &c. 

which is the most general form of the binomial theorem 
where 

the (r+ l)th term = ~ n — \ ) — r --- a n ~ r x r . 

] . 2 . 3 . . . r 


INDETERMINATE COEFFICIENTS. 


7. If the equality a-f bx~\ + mx be true for every valu 
of x; then a = A, and &=n. 

< For as the equation holds true for any value that may b 
given to x , let x=n , 

a+ b?i=A + Bn; 


subtracting this from the proposed equality, 
b(x— 7i) = B(a7— n ) ; 

.*. b= B, and a— A. 


The equation a + bx~ A-f- iit, differs essentially from ord* 
nary equations where x admits of being determined in terir 
of the constants ; whereas in the equation here considered : 
admitting of all values, is an indeterminate quantity ; tin 


we find x— 


A — a 

5’ 


but since a — a and b—B, we have x— - 


a result which, in the present case, is the symbol of an inde 
terminate quantity. 

In general, if a + bx -f cx 2 4- &c.=A-f nx + cx 2 + &c., t 
true for every value of x ; then a= A, &=b, c=c, &c., the 
is, the coefficients of the like powers of x are equal. 
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As any Value may be put for x , let x—0 ; then a — a ; 
taking a and a from the original eq., we have, 

bx+cx*+ &c.=b#4c# 2 4 &c. ; 

here x may take any value we please, hence we may now 
consider it as some definite number ; therefore dividing each 
side of the equality by x , we have, 

b + cx+ &c.=B-fca?+ &c. ; 

here again as any value may be put for x, let a? = 0; then 
b= b. Proceeding in this way, we find, c— c, d=n, and so 
on. 

\ — 2x 

Ex. 1. Required three terms of the quotient of 
1 —2x 

Let - — ~=r a + bx 4 cx 2 4 &c. ; 

144^ 

where the coefficients a, b, c, &c., remain to be determined. 
Multiplying each side of the equality by l-f-4a*, we have, 

1 — 2 #= a 4 bo: 4 or 2 4 &c. 

4 4a# 4 4b # 2 4 &c. 

= a -(- (4a 4 B)r + (4 b -f c)a : 2 4 &c. 
therefore equating the coefficients of the like powers of x , 

A=1 ; 4A-fB=~ 2, B= —2 — 4 a= —6 ; 

4b4c=0, c=— 4b=24 ; and so on. 

-6x + 24r 2 - &c. 

1 -t-4x 

Ex. 2. Resolve r-— — —.7— — into its partial frae- ' 

(x+l)(x + 2)(,x+3) 

T 1 _ A B , C . 

^ (*+l)(x + 2)(x + 3) * + l *+2 *+5 s 

B 4 


tions. 



8 


INTRODUCTORY PRINCIPLES, ETC. 


‘where the coefficients A, b, and c remain to be determined ; 
multiplying both sides of this eq. by (# + 1) (:r + 2) (x +-3), 

1 =a(# 4-2) (x -f- 3) -f 1 ) (-^ -f- 3) -}- c(x 4 1 ) {x 4‘2)« 

Since any value may be put for x , let x= — 1, 
then 1 =a( — 1 -J-2) ( — 14*3), .*■ A=-^ ; 
let x— — 2 , then 1 =b( — 2+ 1) ( — 2-f3), b= — 1 ; 
let ar=— 3, then l=c( — 34* 1) (— 3 + 2), c=£. 

1 _ 1 _ 1 . 1 

•• (* + l)(jr + 2)(* + 8) 2(*+l) x + 2^2(»+ 3/ 

Ex. 3. Resolve tt-t — J-tv- — i — x into its partial fractions. 
(1 -f ax) (1 +bx) r 

Let A ± B * - p +__9_ . 

(1 +ax) (1 4- for) 1 + ax l+6x 8 9 

multiplying both sides of this eq. by (1 + ax) (1 -f for), 
a-J-bj?=p(1 4 for)-|-Q(l +ax). 

Since any value may be put for x , let *= — so as to make 

l4-aa?=0, then a— ? r=pf 1 — -Y 
a \ aj’ 


a-b' 


£= — so as to make l+for=0, then A— ?=q^1— 


Ab — B 


A.b — B 
a — b 


. A 4* BX A g — B A b — B 

## (1 +axY(l+bx)~ (a—b) (1+ ax) (a—b)(l+bx)' 

8. To expand a x > or to prove the truth of the exponential 

theorem. 



INDETERMINATE COEFFICIENTS. 


9 


«*= 1)} X (expanding by the binomial) 


= H{(a-l)-i(a-l)HK«~l) 3 - &c.} x + A 2 x 2 + &c. 
= 1 -j- Ax 4 - a 2 x 2 + A 3 x :i + &c. ; 

where A=(a-l)-i(a- l) 2 + ^(a- l) 3 ~&c., 
and a 2 , a 3 , &c. also depend upon powers of a — 1. 

We are therefore at liberty to assume that 

a*=l -+■ ax +A 2 ^ 2 -f-A 3 a: 3 + &c. . . . (1) 
and putting 2x for x, we have, 

a 2x == i _}_2Aj:-f 4A 2 JT 2 -f- 8a 3 j^-|- &C. . . . (2) 


i3ut by actually squaring both sides of eq. (1), we have, „ 
a**=l + 2ax + (a 2 + 2a 2 )t 2 + (2a 3 + 2aa 2 )x 3 + &,c. . . . (3), 

Hence equating the coefficients of the like powers of x in 
eq. (2) and (3), we have, 

A 2 

4a 2 =a 2 + 2a 2 , a 2 =— ; 


8a 3 =2a 3 +2aAx 6a 3 =2aa 2 =a 3 , A 3=2~3 > 

and so on to the other coefficients. 


t . ax , a 2 x 2 a 3 * 3 a 4 * 4 « 

• • fl*=l4-y4-p2+r g 3 "^ i 2 


i 


Cor. 1 If e be put for that value of a which makes a= 1* 
then 


X 2 X 3 


1.2 1.2.3 


+&c- V 7- " 
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In order to find the numerical value of e, let a?=T, then 

e=l + l+ r ^2+ I -2-g+&c.=2-71828, &c. 

It is important to observe that e or 2*71828, &c. is taken 
for the base of what is called the Napierian or hyperbolic 
logarithms. 

Throughout this work the logarithms of any number n to 
the bases a and e , are thus expressed, log tt rc, and log € rc. 
Hence log a <z=l, because the exponent of the base a to pro- 
duce the number a must be unity, or a=a l . 

9. In the general equation for a x let :r=i, or Aa?=l, then 

A 

a* = 1 + 1 + y^ 2 + J- 2 T 3 + = 2-7 1 828, &c.=e. 

e=a\ a=e\ 

taking the logarithms of each side of these two equations, 
viz., of the first when a is the base, and of the second when e 
is the base, 

log a e=i, andlog e a=A ... (1) 
by multiplication, 

log.c x log c o= 1, log a e=v-* - . . (2) 

iog e a 

From eq. ( 1 ) we have, 

log e a=A=(a— 1) — l(a — l) 2 +^(a — l ) 3 — &c. . . . (3). 

10 . To find the sum of the series l 2 4-2 2 4-3 2 4- ... -fw 2 . 
Let s 2 be put for the sum of the proposed series, and Sj 

for the sum of the arithmetical series 1 -f 2 -h . . 4 - n, then 

in the expansion, 


(*-l)»=**-3**+3*— 1, 
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take x successively equal to 1, 2, 3, . . . n, add the result- 
ing equations, and cancel the common terms, and we shall 
have, 

0 = 1 3 — 3 . l 2 + 3 . 1 — 1 
P =2 3 -3\ 2 2 +3 . 2-1 
2 3 =3 3 — 3 . 3 2 + 3 . 3~1 


(n-iy=n*-3 . w 2 + 3 . rc-1 

0 =w 3 -3s 2 + 3.SJ— n 

n* n n* , t - jn 

• ■ ®2 ^ 1 3 "h ( ^ 


n z n 2 n 

T + 2 + G* 


EQUATIONS TO CURVES. 

11 . We now proceed to treat of the equations to the 
straight line, the circle, and those other curves which are 
of the greatest practical importance. 

The position of a point is deter- 
mined when its distance from two 
given straight lines is known. Thus, 
let ox, and o y be two straight lines, 
perpendicular to each other, then "*T 
the position of a point p will be 
known, when the perpendicular dis- 
tances pn and pm, from the given 
lines ox, and o y are known. The lines ox and o y are called 
axes, and on (=mp) and pn, the ordinates of the point p. 
The perpendicular pn is caded the ordinate, and its length 
is expressed by y; on is called the abscissa , and its length 
is expressed by x ; pn and on taken together, are called the 
coordinates of p ; and the point o, the origin of coordinates. 

J2!x. If on=4, and pn=:3, then to find the point p; from 


M 


o * 
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a Scale of equal parts take on== 4 ; draw np perpendicular 
to ox, and from the same scale of equal parts, take np= 3 ; 
and P will be the point required. 

12. If ON=a, and np = 6, then x—a, and are the 

equations to the point p. 

#= — a, and y=b, are equations of a point p 1# situated in 
the angle yox x . 

#=— a, and y=—b, are equations of a point p 2 situated 
in the angle y x ox x . 

#=-f a, and y=z—b, are equations of a point p 3 situated 
in the angle y x ox. See the Principles of Geometry and 
Mensuration, p. 94. 

13. If in the curve PQR, the relation of 
the ordinates to their corresponding ab- 
scissa be expressed by an equation, the 
curve itself may be drawn by finding 
different points in it. Thus, let y=x 2 — 

3.r-j-3 be the equation of the curve, or 
the equation expressing the relation be- 
tween any ordinate and its corresponding abscissa : then 
taking xov on= 1, we havey or np=1 2 - 3 x 1 +3= 1, hence 
the point p is determined. Taking x or om= 2, we have y 
or mq= 2 2 — 3 x 2-f 3 = 1, hence the point Q is determined. 
Taking x or os=3, we have y or su=3 2 — 3 x 3 + 3=3, 
hence the point R is determined. And so on to any number 
of points. 

In general the ordinate of a curve is always some function 
of its abscissa, hence the equation of a curve is generally 
expressed by the equation y -f (#). We propose to deter- 
mine the peculiar form of this equation for various curves 
having some given property or mode of generation. 
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The Equation to the straight Line \ 

14 . Let CP be the straight 
line, and ox and o y the axes. 

Put on— NP= y, OB=i, 
and tan /_ c=a ; then draw- 
ing b n parallel to oar, we 
have 

p n 

— = tan Z.pbw= tan c = a. 

b n 

But p Ti — pn — BO— y — b, and B«=ON=a, 



x 


.*. y~ax + b. 

Since p is any point in the straight line cp, the relation 
of x and y, expressed in this equation, also contains the 
relation of the co-ordinates of every point in cp; hence the 
above expression is called the equation of the straight line. 

Cor . 1. If the line be drawn through the origin o, then 
ob or b = 0 f and y = ax ; 

this is the eq. of a line drawn through the origin. 

15 . Given, the equation to a straight line to construct it. 

For example, let y=aar— b> be 
the equation. 

When a? =0, theny=a x 0— &= — -6, 
that is, when the abscissa is 0, the 
ordinate ob is —5. Or the line cuts 
the axis of y below the origin. 

When y=0, then ax — b=.0, and 
b 

ar=-=OP. 
a 





14 


INTRODUCTORY PRINCIPLES, ETC. 


16 . The equation to a straight line drawn through a give, 
point . 

Let y—ax + b be the equation to the line, andy, and x, the 
co-ordinates to the given point ; then, as y r and x r are co- 
ordinates of a point in the straight line, we must have, 
y,=ax,+b 
and y=zax + b 

••• *(*-*/)• 

17 . To find the equation to a straight line which passes 
through two given points . 

Let y~ax + b be the equation to the line, where a and l 
are to be eliminated by means of the given co-ordinates 
x / and y, of the one point, and x„ and y y/ of the other. 

y 4 =zax,+b...( 1) 

and y//= aa: // + ^*** ( 2 ) 

••• ; 

... a =y,-y«. 

x / — x /y 
Since y—ax + b 
and y,=zax, + b ; 

••• y-y,=a(x- - x ,), 

by substituting the value of a. 

Equation to the Circle . 

18 . Let od=«, DC=jS, be the co- 
ordinates of the centre C; and ON=a*, 
and NP=y, the co-ordinates of the point 
p in the circumference ; 

then p n 2 + c w a = c p 2 or r 2 ; 
but pti=np— DC= y— jS, 
and cn=OD— on=«- x ; 

(y—P) i +(a—x) 2 =r ,> . 
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Cor . 1 . If the centre c be on the axis ox, and the cir- 
cumference be on the origin o, then dc or £=0, and od or 
a=r; 

and ,\ y l ~2rx— x 2 . 

Cor. 2. If the centre c be in the origin o, then 0=0, and 

a= 0 ; 

y 2 +x 2 =r 2 . 

Equation to the Parabola. 

19 . Let qk be a given fixed 
line called the directrix, f a fixed 
point called the focus, and p any 
point in the curve, then the cha- 
racteristic property of the parabola T 
is, that the distance pQof the point 
p from QK is equal to the distance 

pf of this point p from the focus. # 

Through f draw ktx perpendicular to qk ; bisect fa in o, 
then o will be a point in the curve. 

Let o A — o f — a, on=i, and NP=y. 
Nowfp 2 -fnHnp 2 ; 

but FP=QP = AN =OA-f ON = a -fr, FN = ON — OF = — a, 
and np =y ; therefore, by substitution, 

(a + #)*=(* — a) 2 + y 2 ; 
y 2 =4ax. 

Now, as this equation is true for any point p in the curve, 
it will express the relation of the co-ordinates of every point 
in the curve ; hence this relation is called the equation of 
the curve. 

Cor. Let FP=r, and /Lpfn= 0, 
then r=FP=AN=AF-f-FN=2a-f-r cosPFN=2a-pr cos 0; 

2« 

T ~ l-cosfl' 

This is called the polar equation of the parabola. v 
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Equation to the Ellipse . 

20. If two lines fp and FjP revolve about two fixed points 
f and F| called the foci, in such a way that we always have 



FP-|-F 1 p=2a, a constant; the curve traced by the point of 
intersection p is called an ellipse. 

Bisect ff j in c, and take CA=CD=a, then the curve will 
pass through a and d ; through c draw bcm perpendicular to 
ad; with f as a centre, and radius equal to a, describe an 
arc cutting this line in the points B and M, then the curve 
will pass through b and m, because FB=FjB = a, and fb 

+ FiBi=2a. 

Let cn=#, NP=y, cb =b, FV—d, F l F=d / ; and as cf 
must be a certain part of cd, let cf or cf x = ae, which is 
called the eccentricity. From the right-angled triangles, 
fnp and FjNP we have, 

fp* or <f 2 =NF* + NP s =(ae — 

FjP or d / *=NF 1 l + NP s =(ae + #) ? +y** 

Hence we have, by additiqp and subtraction, 

d J i +d?=2(a t e‘+x?+y i ) (1) 

d;-<P or (d, + d){d t -d)=4aex . . (2). 
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But d / + d=2a .... (3) 
by substituting in (2), 2a(d / —d)=4aex 9 

d y —d~2ex . . . (4) ; 

adding and subtracting (3) and (4), 

d^a+ex, d~a — ex , 

substituting these values in eq. (1), 

2(a 2 c 2 + x 2 +y 2 ) = (a -f ex) 2 -f (a — ex) 2 

=(l-e*) (at-x 1 ). 

In order to eliminate e from this equation, we have, 
CF 2 + cb 2 =fb 2 , that is <z 2 e 2 + b 2 =za 2 , and 

b 2 

••• '-<*=%■ 

1 /*=% (« 2 -* 2 ) •••(!) 

*/2 ■in2 

and ft» + tf- 1 "^ 2 > 

Cor. 1. Let a be the origin, and put an=x, ; then 
:r 1 =AC-f-CN=a-f #, x=x x — o. Substituting this value 
of x in eq. (1), we find, after a little reduction, 

y ’=* 4 ( 2 «*, -*,*). 

This is the equation to the ellipse for the co-ordinates an 
and np, or when the origin is taken at a. 

Cor . 2. Let a circle be described upon the major diameter 
ad of an ellipse, abdm, then putting Xj=an, and np^^j, 
and AD=2r=2a, we have by Cor . 1. to the equation of the 
circle, Art. 18 . ^ 


yi 3 ~2rx l —x l 2 , 
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but by the last Cor . the equation to the ellipse is 

hence by division, ■&- = -, or n r : NPj :: bc ac, 

V\ a 

Cor . 3. Let c be the pole ; join c and p ; put cp=r, and 
/_ P cd=0. Then cn or a?=r cos 0, and np or y=-r sin 6 ; 
substituting these values in eq. (2) of the ellipse, we have, 

r 2 sin 2 0 r 2 cos 2 0_ 

« 

a b b__ 

A/Z> 2 cos 2 0 + « 2 sin 2 0~~ V 1— e 2 cos 2 0* 

by substituting 1— e 2 for ~ 2 and reducing. 

This is called the polar equation to the ellipse. 

Equation to the Hyperbola . 

21. In the hyperbola 
the difference between 
fp and FjP is a constant 
quantity, f and Fj being 
the fixed foci. 

Let f^— FP=2a. Bi- 
sect FjF in c, and take 
CA = cd = «, then one 
branch of the curve will 
pass through a, and the 
other through d. Put cN=:r, np = y, cf or CF t =e times 
CA=ea, YV—d, and f x v—d r 

Then from the right-angled triangles npf and npf 19 we 
have, 

d 2 = n f 2 -f N P 2 = ( ea — x ) 2 + y 2 
d 2 =nf + n P 2 = {ea 4- a*) 2 +y2. 
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Proceeding in the same manner as in deriving the equa- 
tion to the ellipse, we have, 

= + . . . (1) 

d 2 — d 2 or (d / -f d) (d / — d) = Aaex, 

But d / — d=2ci, 
d,+d=2ex* 9 

hence by adding and subtracting, 

d,=a + ex, and d= ex— a ; 

substituting these values in (1) and reducing, we find, 
^=(^-1) (*-<«?)... (2) 
b 2 

Making (e 2 — 1)=— or 6 2 = o 2 (e 2 — 1), in order to sustain 

the analogy between the equations of the hyperbola and 
ellipse, we find, 

*•=§(**-«*)...(. 3) 


* # b 2 a 2- " 1 * * * W 

Cor. Let A be the origin, and put AN=a: 1 , then x^cn 
— ac =x — a, and .*. x=x l +a. Substituting this value of 
x in eq. (3), 

y 2= ^T (Sa^i + ar, 2 ). 


Equation to the Witch. 


22. If or'ii be a semicircle, and np be 
taken a fourth proportional to ox, on, and 
a rp', then the locus of p is the witch . 

Put on-o*, np OB= 2r, then by the 
equation to the c\rc\e n p' =. V 2rx—x- •, 
but on : ob np' : NP, 
v that ic, x : 2r :: \S2rx-x 2 ; y, 

2 r \ ( 2rx — x l 0 / 2r—x 

... y== _• 




20 


INTRODUCTORY PRINCIPLES, ETC. 


Equation to the Cissoid. 


23. If OP|B be a semicircle, of 
which PiM is any ordinate, take 
on=bm, and draw npk perpen- 
dicular to ob, and join OPj cutting 
nk in p ; then the locus of p is the 
cissoid. 

Put ON=MB=a?, NP=y, and ob 
=2r, then from the equation of the 
circle MPj= V2rx — x 2 ; but from 
the similar triangles onp and omp p 
we have, 



on : np: :om : mp 1: 


that is, x : y \ \ 2r—x l a '2rx- x 2 ; 

X? 


r= 


2r — x 


Equation to the Logarithmic Curve. 

24. In this curve any abscissa on is 
always the logarithm of its correspond- 
ing ordinate np; thus, let on=#, np 
and a be the base of the system, 

then 

x=log a y, y=a x . 

If #=ON=r0, then y becomes ob, hence OB = a°= 1 ; that 
is, the ordinate at the origin is always u nity. 

Cor . If the abscissa increases arithmetically, the ordinate 
increases geometrically ; thus, if #=1, ; if a:=2, y—a 2 ; 

if x=;3, y=a 3 ; and so on. 

Equation to the Cycloid . 

23. If the circle pbd roll along the straight line OK, A 
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point p in the circumference of the circle will describe a 
curve opk, called the cycloid. 



Let c be the centre of the circle, bcd a diameter perpen- 
dicular to OK; join pc, and draw pr perpendicular to bd, 
and pn to ok. As the circle is supposed to have rolled from 
o to b, the arc pb must be equal to ob. Put on=o?, np =y, 
BD=2r, /.pc b=0, or what is the same thing, arc of Zpcb 
radius being unity =0 ; then we have 

;c=ob — NB=arc pb — pr, 
but arc PB=rad. x 6 = r6, 
and FR=rad. sin 0=r . sin 0. • 

Hence by substitution we have, 

x= rB—r sin 6=r (0 — sin 0) ... (1) ) 

y = NP = BR=CB — CR, 
but CB=r, and CR=r cos 0 ; 

V. / 

•% y=-r—r cos 0=r (1 — cos 0) . . . (2). ' X } 

Equations (1) and (2) express the equation of the cycloid. 
The arc 0 cannot be eliminated between these equations. 


Equation to the Spiral of Archimedes . 


26 . If the line oa revolve uniformly 
round o as a centre, while a point p 
moves uniformly from o along o A, then 
the point p will describe the spiral of 
Archimedes. 

Let or=r, the radius vector, Z.poa 
= 0, the angle described by the radius 


A 
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vector ; and let a be the value of r, when the radius vector 
has made one revolution ; then 


o : 2* :: r : a; 


a 


r— 


2 '7T * 


6 . 


ON THE LIMITING VALUES OP QUANTITIES. 

27. Any definite quantity multiplied by 0 is equal to 0. 
For example, let us take the product 10 x x, then as we 
decrease x the product will also be decreased ; thus we find, 
10 x *1 = 1, 10 x *01 = *1, 10 x *001 =*01, 10 x -0001 = -001, 
and so on ; so that when x is taken 0, the product 10x0 = 0. 
And generally a x 0=0. 

Any definite quantity divided by 0 is infinite or oc. For 
example, let us take the fraction 1 ^, then as we decrease x 

* the fraction will be increased; thus we have, ^=100, 

1000, -™ T = 10000, = 100000, and ao on ; so that 

*0 1 *UU 1 *OUO I 

when x is taken 0, the fraction ^ = oo or infinite. And 
generally oo. 

Any definite quantity multiplied by a quantity infinitely 
great, is infinite. Let us take the product 10 x x, then as 
we increase x the product will also be increased ; thus we 
have 10x1 = 10, 10x10=100, 10 x 100=1000, and so on; 
so that when x is taken oo, the product 10 x oo= oo. And 
generally ax oo= oo. 

Any definite quantity divided by a quantity infinitely great 

is equal to 0. Let us take the fraction \ then as we increase 

x 

x the fraction will be decreased; thus we have ^=’1, 
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xaW^'OOl, and so on; so that when x is taken 
qo the fraction -~= 0 . And generally ~=0. 

The magnitude of any algebraic expression depends upon 
the value which we assign to the variable contained in it. 
Thus the magnitude of the expression 3 a?-}- 4, will increase 
or decrease with the value given to variable x. If a? be 
taken infinite, the expression will become infinite ; and if a? 
be taken 0, the expression will be equal to 4. 

28 . Definition . The quantity towards which an expres- 
sion continually approaches or converges, by making the 
variable continually approach a certain value, is called the 
limiting value of the expression. 

Illustrations and Applications . 

1. Thus the limiting value of ax + b is b> when a? ap- 
proaches 0; because* as x decreases the value of ax ap- » 
proaclies nearer and nearer to 0. 

Again the limiting value of ax A b is x, when x approaches 
qo ; because as x increases the value of ax also increases, 
and when x becomes very great, or approaches infinity, ax 
becomes very great or approaches infinity. 

2. The limit of sin x is 0, when x approaches 0 ; for as x 
is decreased the smaller and smaller its sine becomes. And 
similarly the limit of tan # is 0, when x approaches 0. 

3. The limit of cos a? is 1, when x approaches 0; because 
as the arc x is decreased the nearer and nearer cos a? ap- 
proaches radius or unity. 

4. In the curve fqr, the secant pq ap- T 

proaclies nearer and nearer to the tangent 

pt as the point Q approaches r ; hence the * 

tangent pt is defined to be the limiting 
position of the secant tq, when q ap- 
proaches p, or what is the same thing, as the ZQpt ap- 
proaches 0. 
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5. If a regular polygon be inscribed in a circle, and if 
another be inscribed having twice the number of sides, it is 
evident that the surface of the second will approach more 
nearly to the surface of the circle than that of the first. If 
the number of sides be continually doubled, the polygon will 
approach nearer and nearer to the circle, until at length 
their difference must become less than any quantity that can 
be assigned ; hence the circle is the limit of the inscribed 
polygon when the number of sides approaches oo. 

6. The limiting value of is a, when x=0 ; because 

for every value of x greater than 0 it is less than a> yet it is 
also to be observed that the nearer x approaches to 0, the 

nearer does approach to a . 

Again the limiting value of is 0, when x= oo ; be- 

1 ‘T~ X 

• cause as x increases the fraction becomes less and less, and 
finally when x is greater than any finite quantity, the fraction 
becomes less than any finite quantity. 

It will readily be seen that a is the actual value of 

when ar=0, as well as the limiting value. In like manner 

0 is the actual value of - when x = oo , as well as the 
1 +x 

limiting value. In general the limiting value of any function, 
when the variable approaches 0 or oo , is nothing else, in 
fact, than the actual value of the function when the variable 
is taken 0 or oo . This being the case, it may be asked, — 
why make any distinction between the limiting value of an 
expression, and its actual value ? why say that an expression 
approaches a certain value, when we might more simply 
say that it takes that value ? In answer to this, it may be 
stated, that there are many expressions which assume inde- 
terminate, if not illogical, forms, when the variable actually 
takes a particular value ; whereas, in such cases, the limit 
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ing values of the expressions would be perfectly intelligible. 
2ax } 

Thus, in the expression , if we make #=0, we find 

that the expression becomes which has no meaning what- 

2ax i x^ 

ever; however we have by division, =2a + x, for 

all values of x ; 

2 ax -t- x^ 

/, the limiting value of — — — =2 a, when #=(); 

thus by resorting to the idea of a limiting value we are 

enabled to avoid the indeterminate form ^ - 2c\ which we 

must otherwise have come to. However, for the sake of 
conciseness, when no ambiguity can arise, we shall hereafter 
sometimes speak of a limiting value as if it were an actual 
value. 


7. To find the limits of -~ ^ rCX . 

x 


Here 


a ~j~cx 
x 


a 

x 


+ c. 


If x—0, then -=?=oo ; 

x 0 


,% the limit of a ^ — = oo , when x~Q. 


x 


If x= oo y then 



the limit of a --- =r c 9 when x= oo • 


8. The limit of — - — is 1, when #=oo. 
x+a 


c 
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Here 


x 

a? -fa 



and when a?=oo 


a 

x 


=0 ; hence, &c. 


x^ — — ofi 

9. The limiting value of is 2 a, when #=a ; because 

x—a 9 

<^2 __ ^3 

— — — =a;+fl, for a// values of a?, and as x approaches a, 

the nearer and nearer does x + a approach 2 a. 

This example shows that, though the two terms of a ratio 
may respectively approach 0, yet the limiting value of that 
ratio may be Unite. This is quite in keeping with our most 
ordinary notions of ratios ; for the value of a ratio does not 
depend upon the absolute magnitude of the terms composing 
it, but upon their relative magnitude. Thus one line a may 
be three times the length of another line u, without regard 
to their absolute lengths. If the length of A is 3 feet, the 
length of B will be 1 foot ; if the length of A is 3 inches, the 
length of b will be 1 inch ; in fact, if the length of A were 
inconceivably small, the length of b would be still one-third 
of that inconceivably small length. 


10. Required the limiting value of 1 -f~ f* • • to n 
terms, when ?i=cc . 

Here (Alg., page 92.) the sum of this geometrical series is 


1- 


1 

n I 1 

xn ; but when w=oo, - n =^=0, and hence the limit- 
1 x 


ing value becomes 


l — 


1 — 1 : 


, which is the sum of the 


x 

proposed series continued in infinitum . # 
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1 1. Required the limiting value of-? 2 (l+2 + 3+ ... + n) 
when w= oo . 

Here (Alg., page 89.) 1+2 + 3 + ... + »=(»+ 1)” ; 

the proposed expression x («-}- 1) ^=^ + ™ 5 for 
all values of n. 

But when n = oc , i+ + ^- = which is the limit- 

ing value required. 

12. Required the limiting value of -* 3 (l 2 + 2 2 + . . . + n 2 ) 
when n= oo . 

m3 «2 « 

By Art. 10., l 2 + 2 2 + . . . + w 2 = ^ + — + ^ ; 

the proposed expression 

__ 1 /n 3 n 2 rc > \_l 1 1 

— V3 +_ 2 + 6>/ — 3 '*'2» + 6« ? 

But when «=ao , this becomes =^-. 


13. Required the limiting value of f 1+~V when h ap- 
proaches 0. 

By the binomial theorem, 

\ x) A x 1.2 x 2 




1.2.3 


+ &c. 


1.2 
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Now, when 4=0, =0, and hence the limiting value 

xx 


of this expression, 

= 1 + 1 +; 


1 


1 .2M.2.3 1 1.2. 3. 4 
=2*7182, &c.=c, by Art. 8 . Cor . 1. 


+ &c. 


14. To find the area of the triangle abc, by the method of 
limits. 

Put a=the base ab, and p 
=the perpendicular CD. Let CD 
be divided into n equal parts, 
and upon each of these parts let 
circumscribed and inscribed rect- 
angles be drawn ; then the area 
of the triangle will be less than 
the sum of the circumscribed rectangles, and greater than 
the sum of the inscribed ones. 

The height of each of these rectangles will be the base 

n 

ac of the first will be a , the base ei of the second ~ , the base 
n n 9 

rs of the third — , and so on ; the base of the rath being — . 

n & n 

the sum of the circumscribed rectangles 

p 2a p 3a p na p 

— - • r — . — i • — h ... 4- . — 

n n n ?i n n n n 



=>+ 2+ . + ... +.)_»(,+!). 

In like manner, the sum of the inscribed rectangles, 

= 0 +“ . P+ 2 ^ . P + 3a - . I 

n n n n n n j 

=-^{ 1+2 + 3 + ... + ( rc — 1 )} 
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Now the area of the triangle lies between these two areas, 
whatever may be the value assigned to n . But when the 
number of parts into which cd is divided is increased with- 
out limit, or, what is the same thing, when n= go in the 
above expressions, the areas of the circumscribed and in- 
scribed rectangles become equal to one another ; that is, 

= —. Therefore the area of the triangle — 


15. To find the space s described by a falling body in a 
given time t. 

Gravity being a constantly acting force, it adds equal 
increments of velocity to a descending body in equal inter- 
1 vals of time. Thus at the end of one second it is found 
that the velocity acquired is 32^ ft. ; at the end of 2 seconds, 
2 times 32 ft.; at the end of 3 seconds, 3 times 32 J ft. ; and 
so on, the velocity increasing with the time. Hence if v In- 
put. for the velocity acquired at the end of t seconds, and <j 
be put for 32 J, we have the general relation, 

V=tff . . . ( 1 ). 


If the body be projected vertically downwards with any 
given velocity, it is evident that we must add this velocity 
to that which is due to gravity, to obtain the total velocity 
of the body at any instant of its descent. 

Let v be the velocity with w hich a body is projected 
vertically downwards, and let t be divided into n equal 

intervals, each being equal to - ; then as v is the velocity 

acquired in t seconds, the velocity communicated to the body 

by gravity in each interval will be the «th part of u=\ 

Hence the velocity at the commencement of the motion will 

v 

be v : at the end of the 1st interval v -b ; at the end of the 

’ H 


2 v 

2d interval v + ; 


and so on. 


Now let us suppose that 



so 
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the motion of the body is uniform between each interval, 

then taking the velocities at the beginning of each interval, 

the space described in the time t 

t f v\ t / 2 v\t 

— v x — f— ( v — 1 — ) — |- ( v d ) — f- . , » to n terms 

n \ nj n \ n J n 

tv tv f 1 \ 

= / v r -f {1 +2 + 3+ ... to (n — 1) terms} =ztv+ -( 1 — ) 

This result is evidently less than the actual space s which 
the body will describe. 

Now taking the velocities at the end of each interval, the 
sluice described in the time t 


= ( v+ «)» + ( v+ if)« + ( 
= /v + ¥( 1+ «)* 


, 3 v\t , 

vd )- -f 

n J n 


. to n terms 


This result is evidently greater than the actual space s 
which the body will describe. 

Now the space s lies between these two spaces, whatever 
may be the value assigned to n. But when the intervals 
are increased without limit, or, what is the same thing, when 
n— x, these two expressions for the spaces become equal to 

one another, that is =*v-f 


s =tv + -£ . . . (2). 


Substituting the value of v given in eq. (1), 
s=£v + * 2 X2 • • • (3). 

If v=0, or if the body fall from a state of rest, then we 
have, 

8=£ 2 . • • (4). 
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16. To find the limiting relation of tan h to sin h y when 
the arc h approaches 0. 

Here we always have, tan -^ = — — . 

sm« cos h 

Now when h is indefinitely decreased, the value of cos h 
= 1 ; 

the limiting value of^?-^==l, when h approaches 0; 

that is, sin h and tan h tend to an equality as h ap- 
proaches 0. 

17. To show that the arc of a circle is greater than its 
sine and less than its tangent. 

Let bf be any arc of a circle whose radius ^ 
is ab. Draw lie and fc tangents to the 
points b and f ; join ac cutting the circle in N 

the point O; and join bf cutting AC in i; A ; B 

then bc=fc, Bi— f i, and arc BO~arc fo. / 

Now Art. 73. Geo., 

arc F O B > F I B < F C -f- C B 

/. 2 arc bo>2 bi<2 bc 


arc B o > bi < u c. 

But bi is the sine of the arc bo, and bc is its tangent ; 
therefore the arc is greater than its sine, and less than its 
tangent ; or putting h for arc iso , 

# \ h > sin h < tan h. 

Let us now enquire what this relation becomes when the 
arc approaches 0. 

Now it has been shown in the last problem, that sin h and 
tan h tend to an equality as h approaches 0 ; but as h always 
lies between sin h and tan h , we have for the limiting va lues 
when h approaches 0, 

Zt=sin A = tan h ; 

or the sine and tangent of an arc, in their limiting state, are 
in a ratio of equality with the arc itself. 
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18. To find the circumference of a circle whose radius 
is r. 

Let a be the centre of the circle gbo, &c., 
and pc the side of a regular circumscribed 
polygon of n sides, touching the circle in the 
point n. Let sdv be another circle whose 
radius ad=1, and dt a tangent to the point 
cutting ac in t ; then, if we put 2 it 
for the circumference of this circle, the arc 

2^r 2? 7 T rjp 

vds= — , arc of and DT=tan -. From the 

n n n n 

similar triangles adt and arc, we have, 
ad ; dt : : ai; ; r.c, or 

7T 

1 : tan - : : r : i5C=r tan ; 
n n 

PC=2 no — 2r tan - : 

n 

the perimeter of the polygon = 2r tan - x n. 

Now if n be continually increased, the are - will be do- 

n 

creased, and the sides of the polygon will approach nearer 
and nearer to the circumference of the circle. 

Circum. circle=limiting value of 2r tan — x w, 

n 

when n = oo, or ^=0 ; but by the preceding problem tan ^ 

ctr <77 

approaches - as - approaches 0 ; 

.\ Circum. circle = limiting value of 2r - x n=2rir, 

n 

wliere 2?r is put for the circumference of a circle whose 
radius is 1. Hence it follows that the circumferences of 
circles are to one another as their radii. 
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19. To find the area of a circle. 

Adopting the notation and fig. of the preceding problem, 
we have 

area triangle pac = ab. b c = r 2 tan - . 

n 

But there are n of these triangles making up the polygon, 
area polygon =wr 2 tan \ 


Now when m = oo, tan - = and then the polygon coin- 
n n r J c 

cides with the circle, or, more strictly speaking, the limit of 
the polygon is the circle, when ;?=x; /. taking the limits 
of both sides of the equality, we have. 


7T f 2 y 7T 

area circle = n r 2 - = r 2 i:— ( - } Tz — d 2 -- 
n 4 


Hence the areas of circles are to one another as the 
squares of their radii or diameters. * 


20. To find the solidity and surface of 
a right cylinder, pjigx. 

Let DC Fn be the side of a prism of n 
equal sides, circumscribed about the cy- 
linder ; put r=the radius ab, and /i=the 
perpendicular height ao ; then by prob- 
lem 19, area triangle ADC = r 2 tan - ; 



solidity prism ADCFHO=area base adc xperpen. ao 

—r 2 tan - x h. 
n 

But the solidity of the whole circumscribed prism will be 
n times this result ; 

solidity circum. prism = nr 2 tan - X K 
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Now when ?i—cc, tan and the limit of the circum- 

n n 

cribed prism is the cylinder ; 

,*, solidity cylinder =limi ting value of nr 2 tan 

= nr 2 - X h=r 2 nk. 
n 

That is, the solidity of the cylinder is equal to the area of 
he base multiplied by the perpendicular height. 

Again, the area of the face dcfh=dcxdh=2bcxao 

— 2 r tan - x h. 
n 

But there are n side faces in the whole circumscribed 
>risrn. 

Surface in the side faces of the prism=2wr tan * x)t. 

n 

Hence we have, by taking the limits as before, 

convex surface cylinder = 2 nr ^4= 2rvh. 

Now, by problem IS., 2r% is the circumference of the base ; 
hercfore the convex surface of a right cylinder is equal to 
he circumference of the base multiplied by the perpendicular 
i eight. 

21. To find the solidity and surface of a right cone pbv. 
Let pcv be one of the faces of a v 

•yrainid of n equal sides, circuru 
cribed about the cone ; put r= ar, 
he radius of the base, and /i = a v, 
he perpendicular height ; then, pro- 
Beding as in the last problem, we 
ave, 

area triangle DAC^r' 2 tan 
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solidity pyramid adcv=-J x area base x perpend, height 

= V 2 tan - x h. 

1 n 

But the solidity of the whole circumscribed pyramid will 
be n times this result ; 

solidity circum. pyramid tan ^ x k. 

Now when n— oc , tan and the limit of the circum- 

n n 

scribed pyramid is the cone ; 

solidity cone = limiting value of \nr l tan ^ x h 

= lnr* n xh=lr*T:h. 

J n J 

Hence the solidity of a cone is equal to one third the area 
of the base multiplied by the perpendicular height. * 

Airain, to iind the convex surface of the cone, put s = nv, 
the slant height, then we have, 

area face dcv=J1dc x bv=bc x b v = r tan - Xi; 

n 

whole surface in the side faces of the circumscribed 
pyramid =wr tan ^x«, 

Therefore, taking the limit as before, we have, 

convex surface cone=nr-$=:r7rs. 

n 

But nr is equal to one half the circumference of the base ; 
therefore the convex surface of the cone is equal to one half 
the circumference of the base multiplied by the slant height. 
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INCREMENTS AND TIIE1R LIMITING RATIO. 


29 . When the variable in an expression undergoes an 
increase , or takes an increment \ the expression itself neces- 
sarily undergoes a change, and the quantity by which it is 
thus increased is called its increment. 

Thus if x, in the expression ax , takes the increment //, 
then ax will become a(x-f-/i), and 

the increment of ax—a(x + /*) — ax=ah, 

that is, if x be increased by h } the function ax will be in- 
creased by a times h. 


x 2 

Let /(x) = — ,--, then if x takes the increment //, the 
x — f~ l 


function fix) will become -j' ^ and 


the increment of/ (x) — 


_(l±A ) 2 

x • h -+• 1 


x 2 

x-r 1* 


In general, if x, in the function/ (x), takes the increment 
h , then /(x) will become / (x -f h), and 

the increment of/(x)=/(x-h4)-— /(x). 

In the following exercises, &c. we shall invariably sup- 
pose h to be the increment of the independent variable ; and, 
for the sake of conciseness, we shall write “ Incr./(x)” for 
• 4 The increment of /(x),” and “ Incr. y” for “ The increment 
of;/”* 

Ex. 1 . If x receives the increment h , what will be the 
increment or increase of y=«x 2 ? 


* In the calculus of finite differences, the symbol Ay is used for 
expressing Incr. y, or, as it is called, the difference of y. 



INCREMENTS AND THEIR LIMITING RATIO. 


37 


Here when x becomes x+h, the function ax 2 becomes 
a(x + h) 2 ; 

•\ incr. y — a(x -f 4) 2 - ax 2 — 2 axh + ah 2 . 

2. What will be the limiting ratio of incr. y to incr. x , in 
the last example, when h or incr. x approaches 0 ? 

Here, dividing each side of the last equality by 4, 

or =2 ax + ah. 

ft incr. x 

Now this equation must hold true whatever may be the 
value given to h. If h be taken very small, ah will also be 
very small ; in fact, if we suppose h to become smaller and 
smaller the hearer and nearer will 2 ax 4- ah approach 2ax ; 

*the limiting value of — -=2 ax, 

° incr. x 

3. If x receives the increment 4, required the increment 

of y—x 2 — 3x + 2. 1 

Here when x becomes a: +4, the function y becomes 
(.r + 4) 2 — 3(a:+4) + 2 ; 

incr. y=(a?4-4) 2 — 3(ar + 4) + 2— [x 2 — 3x -f 2} 

= (2.r-3)4 + 4 2 . 

4. Required the limiting ratio of incr. y to incr. x, in the 
last example. 

Dividing each side of the last equality by 4, we have, 

incr. y incr. y 0 , 

— j-x- or . — — =2.r— 3 + 4. 

4 incr. x 

When 4 approaches 0, we have, 

* It must be observed that a limiting value of a ratio is not a mere 
approximation; for while we speak of h approaching 0, or approaching 
it as nearly as we please, we do this merely to aid our conception of the 
terms of the Tatio, yet we actually take h =0 in finding the value of th* 
limit of the ratio. 
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limiting value of j — — 3. 

incr. x 


3«r 

5. Required the increment of w ^ en x k ecomefl 


x+h. 


Incr. y-^+A) &L- 6h 

y x + h+2 x+2~(x+ h + 2)(x+2y 

6. Required the limiting ratio of the increments in the 
last example. 

Dividing each side of the last equality by h, 
incr. v incr. y 6 

— . or * 7 = ... K 

h incr. a; (a? + h -f 2)^-f-2) 

Therefore when h approaches 0, we have, 


, r incr. v 6 6 

limiting value of inc ^= (;t: + 0 + , )( , + , ) = ( , + 2 ? - 

7. In the curve apq, let a n( - r). and Np(=y) be the co- 
ordinates of the point p ; and let //= -4x 2 
be the equation to the curve. Required 
the limiting ratio of the increment of 
np to the increment of an. 

Let np move parallel to itself until 
it comes to the position My. Draw pl 
parallel to an, then if nm( — h) be the 
increment of an or x , lq will be the A N * 31 B 
increment of np or y. By the equation to the curve, we 
have, 

np=4an 2 , and mq=4am 2 



= 4x* =4 (x + hy-, 

LQ=MQ— Nr=4(;c + A) 2 — 4a^=8x4-f 4A* 

Dividing each side of this equality by h, 

lq incr. np _ 

-JS or = 8x + 4A. 

h mcr. an , 
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Now these increments will have a definite ratio, however 
small h may be taken, or, what is the same thing, however 
near mq may be taken to np. When h approaches 0, we 

have the limiting value of ? nCr — - = 8a;. 

® incr. an 

8. Let ^= 2 ? — Required the limiting ratio of incr. y 
incr. v 

to incr. x , or the limit of . — 

incr. x 


Here, when x becomes x + h, then y becomes (x + k) 2 . , 

incr.y=(x + { X s — = 2x/t-+-A !! + 7 — ; 

v ' x + h l xj {x-rh)x 

... “«Lyor“ELy = 2*+* + — * 

h mcr. x (x-rh)x 

Therefore when h approaches 0, we have, ' 

incr. v 1 1 

limiting value of -.- - = 2a;-f0 + ; - — 4 - . 

° incr. x (x + 0)x x 2 


Exercises for the Student. 

1. If x receives the increment of /t, required the increments 
of the following functions, 5a’ 2 -f 2, 7 x 2 —6x, ax 2 —bx + c, 
ax 3 4 — c. 

Answers . 10jrZt-f 57i 2 , (14x— 6)^-f 74 2 , (2ax— 5)4 + a/* 2 , 
3 ax 2 h + 3 axh 2 + ah ? . 

2. If the side of a square be x , and it be increased by 4, 
by what quantity will the surface of the square be increased? 

Ans. 2:rh + A 2 . 

3. If the radius of a circle be x, and it be increased by h, 
what will be the increment of the circle? Ans. (2xh + h 2 )7r. 

4. In Ex. 2., what will be the increment given to the 

diagonal ? Ans . h ^ 2 . 
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5. Required the increments of the following functions, 
a? a -far v y 


Answers. 


(a — 1)A 2ah 

x(x+hj {a + x + h) (a + x)' 


2(1 +x)h + h*. 


6. Required the limiting ratio of the increment of the 

function to the increment of the variable, in the following 

functions, 2x 2 , ar 3 — ax, ox 2 -f a, ‘6x* +c, x* + x 2 — a x -f c, 

x + a 3 

, x 

X X 

Answers . 4a’, 3a? 2 — a, 10a*, 12a* :j , Sx 2 -f- 2.r — a, J* , 1 


7. Required the limiting ratio of the increments in ex- 
amples 2 and 3. . A ns. 2x, 2 xtt. 

8. Let y—x 2 — Zx — c, be the equation of a curve, an<l :r 

receive the increment A, what will be the increment of the 
ordinate y ? A ns. ( 2x — 3 ,/< -f A 2 . 

% 9. Required the limiting ratio of the increment of y to 

the increment of x, in the last example. A ns. 2x — 3. 


DIFFERENTIAL CALCULUS. 

NOTATION OF TIIE DIFFERENTIAL CALCULI'S. 

30. It now becomes desirable that we should have some 
notation for expressing the limiting ratio of two simultaneous 
increments. It matters not what this notation is, provided 
it expresses the thing signified without ambiguity, at tin*, 
same time that it admits of being readily extended to all 
cases which can arise, without any restriction as to its 
interpretation. 

31. In Exs. 3. and 4., p. 37., it is shown that the limiting 

jucr, 1 1 

value of . — -=r2x— 3, where 3.r + 2. Now if dx 

incr. x ’ J 
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be put for the incr. x or h in the limiting value ; then, in 
order to maintain the uniformity of notation, dy must be put 

for incr. y. Thus 3, or, putting in the value of y, 

d(x* — 3.r 4- 2) 0 „ ,, dy . 

=2x—3. By therefore, we simply mean 

incr. ?/ 

the limiting value of . — — - , or the limiting value of the 
° mcr. x 

ratio of the increment of y to the increment of x 9 when the. 
increment of x approaches 0. As y is here understood to b<* 

a function of x , we also have limiting value ofi 


incr. J{.>) f{x + h)—f(x) 

• I ) ” 

incr. x. it 


, when li~ 0. Now the limit of j 


f(x h) — f(x) . . . . . . 1 

1S in general a finite quantity, if the division ' 

by h is performed before h is made 0. 


Geometrical representation of 


dAr) 

dx 


, or the limiting value 


fitter. f\x) 
of 

* incr. x 


32. Let A\ = .r, and xr = y, be the co-ordinates of tin? 
point r in the curve pq. Take 
a point Q in the curve near 
to r, its co-ordinates being 
am and MQ; from P draw l'L 
parallel to a x ; draw the chord 
p, and produce it to meet the 
axis in u. 

Let y — f(x) be the equation to the curve, then when an 
or x takes the increment // = nm, np or y will take the incre- 
ment Lg. 

Nr=/^'), and m<> — J {x -»-//) ; 
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/. LQ=MQ — NP =( /[* + A)- /<»; 

. LQ LQ f(X + It) — t{x) 

*• p L 5 0F /i “ h ’ 

, LQ 

but — = tan LTQ^tan nrp; 
pl 

tan nkp J!^±3=m or h ’ cr --*£>. 

n nicr. x 


Now this equality is true for all values of h: when the 
point Q approaches p, the value of h or incr. x approaches 0, 
the secant qpr approaclies nearer and nearer to the tangent 
pt, and therefore the L Qpi> approaches 0, while the /.nrp 
approaches nearer and nearer to an equality with the /. ntp; 
hence we have, taking the limits of the above equation, 



tan ntp= limiting value of 


_#*>> or d u fi) 

- dx 0r dx ' ' O* 


which equation in general gives us the geometrical interpre- 
tation of the differential coefficient 


33. This investigation leads us to the following definition 
of a tangent to a curve . The line pt is said to be the tun- 
; gent at P, when pt is the limiting position of the secant 
, QPR, on the supposition that Q approaches r, or, what is the 
j same thing, when the £Qpd approaches 0. 

I 34. It is necessary that we should have names given to 
these symbols, in order to speak of them with precision ; 
thus dx is called the differential of x> and dy the differen- 
tial* of y . The symbol ^ is called the differential coeffU 


• In the calculus of differences the increment of y is called the first 
difference of y ; hence, in the differential calculus, this difference taken 
indefinitely small, has been called the differential of y. 
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dii 

dent , and the process by which f'- obtained is called dif- 
ferentiation. The letter therefore, placed before any 
expression or function, indicates that the function is to be 
differentiated , so that d is a symbol of an operation, and not 
of a quantity. 

In the examples given in Art. 29., the limiting ratios there 
found are the values of the differential coefficients of the 

respective functions ; thus, in Ex. 6. ^ — ( — and so on. 

35. The first object of the differential calculus is to deter- 
mine rules for finding — or the limiting value of 
*dx ° 


\ when h approaches 0; and then to show the 

U3e of these limiting values in the solution of various 
problems in pure and mixed mathematics. 


RULES FOR TIIE DIFFERENTIATION OF FUNCTIONS. 

36. Rule 1 . A constant quantity, connected with a func- 
tion of x by the process of multiplication or division, remains 
as a multiplier or divisor after differentiation. 

Let y — mr 3 , then ^ = 3 ax 2 . 

* dx 

Incr. y — a(x *f Zf) 3 — ax 2 =3ax*h -f 3axh* + ah 3 ; 

m '' r : V = 3 ax' + 3 ax A + ah' ; 
k 

limiting value of | nCr * ^“3mr ? , 

D incr. x 

that is , — 3 a t*, 
cu 

r 1 dy 2x 

Let v— -x f . then •-= — . 

* c dx c 
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Incr. y- l c {x + hy - 1* 2 ^ ; 


incr. y 
''' ~~h 



c 



.. . . . r, incr. y 2x 

i*« limiting value ol — * 

0 mcr. a? c 

, . cfy 2a: 

that is, /-=- "• 

Generally, let y=aj\x), then 

Incr. y—aj\x + A) - <//(#) - a {/(a: + h)-J[x)} 

— a incr *f(x)- 

Dividing by h or incr. x , 

incr. y incr. ./’(a-) 

incr. a: — incr. x 

This equation being true for all values of h or incr. x , it 
will also be true when h approaches 0 ; therefore, taking 
the limiting values, by putting the ratios of the differentials 
for the ratios of the increments, we have, 

dx cLv 


37 . Rule 2. A constant quantity, connected with a func- 
tion of x by the sign of addition or subtraction, disappears 
after differentiation. 

Let y=x* + c, then j*^=2x. 

^ dx 

Incr. y=(a; + A)* + c — (x* + c)=2a:A-f A* ; 
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incr. v 

limiting value of ^ — =2a?. 


that is, -J^—2x. 

Let y—ax — C) then ^=a. 


Incr. y=a(x -\-h)—c—(ax—c)=ah ; 


incr. y 

T/T~ 


• d JL 

’* dx 


a . 


Generally, let y—f(x) -f c, then 

Incr .y=f(x + h) + c— {f(x) + c) —f(x + h)—J{x); 

. incr. ;/ /(a? -f /* ) —J{x) 

" h ~ h 

Taking the limiting values when h approaches 0, 
rf.r <7.r 


38. Rule 3. To obtain the differential coefficient of any 
constant power of x, multiply together the exponent, and x 
with its exponent diminished by unity. 

Thus if then ^ = 

dx 

Let y = x n 3 then 

dx 

Jncr. y—(x+hy— xT, by the binomial theorem, 

= na?- x h 4 - &c. 

1 . 2 

... Vir-’h + &C. 

it 1 0 4m 


•\ limiting value of =znx*~\ 

incr. x 

d y i 
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Multiplying by dx , we also have, dy**nx n ~ l dx, which is an 
expression for the differential of af. This form is convenient 
for algebraic calculation ; strictly speaking, however, the dx 
should not be separated from the dy . 

This result is true, whether n be a whole number, a frac- 
tion, or a minus quantity. 

Examples. 

1. Let y=3x 7 , then ^=3 x 7 xx 7 ~ l =z2lafi. (SeeRu/el.) 

2. If + required the differential coefficient, or 

the value of (See Rule 2.) Ans . Wax*, 

dx 3 


3. What is the differential coefficient of -(2#*— 1)? 

a 


Ans. 


18a’ 2 

a 


■ 4. Let y - 2x\ then ^ -2 x $ xJ ’ = 3.r\ because Rule 3. 

is true for fractional indices. 


5. Required the differential coefficient of 4aA 

Here, xlx a-’ -1 =2x~*=? . 

dx *“ i 

x' 1 

3 

6. Required the value of 

dx 

7. If y= ^=aar^, then ^ = ~-2ax- t - l =z -~- a 

or e£r vi 


— 1 
«i*3* 


because 


3. is true for minus indices. 

8. Required the differential coefficients cf the following 

functions, ax', 6 J + c, and 3afi— * Y 

* 3 V 

Answers. |ax S , ■?» and 

1 x> * J 
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9. What is the differential of ax"- 2 ? 

Let y = ax n ~ 2 , then c ^=a(w—2)x n - 3 ; multiplying each side 
dx 

of the equality by dx, we have, dy—a(n— 2)x"- 3 dx. 

10. Required the differentials of the following functions, 

%&, a-^ 

Answers. IxPdx, X s dx, l^z'dx, ^ ( [ X - 

% x 6 

39 . Rule 4. The differential coefficient of the sum of any 
functions is equal to the sum of the several differential co- 
efficients of the functions ; and the differential of the sum of 
the functions is equal to the sum of the differentials of the 
functions. 

Let y=ax-f bx* y then ^ — a-[-2bx, and dy—adx + 2bxdx. 

Incr. y=a(x + //)-f b^x + hy—^ax + bx*) 

=ah + 2bxh ■+ bh\ 

incr. y 

.\ — } ^ = a + 2bx + bh 


limiting value of | I 1 - CI !lJ / =a-}- 26 x, 
mcr. x 

that is, ^ y =a-f 2bx\ 
dx 

dy=adx + 2bxdx* 

Where adx is the differential of ax, and 2bxdx is the dif- 
ferential of fcx 2 ; hence the rule as applied to this case. 

Generally, let y=/'(a*)±F(x)±&c. 

Incr. y =/ (x + h) ± f(x 4- h ) ± &c. — {/ (x)± f(x) ± &c.} 
=/(* + A )— /0)± {F(x-f A)— f(x)} -f&c. 

=incr. /(x)+incr. f(x)±&c. ; 
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. incr. y incr. f(x )_ 1 _ incr. f(x) m ^ 
h ~~ A ± A - " 

This equation being true for all values of A, it will also 
be true when h approaches 0 ; therefore taking the limiting 
values, by putting the ratios of the differentials for the ratios 
of the increments, we have, 

dy_dj\x), *?F(aQ , & 
dx~ dx ± dx ~ ’ 

or dy=d/(x)±d f(x)+&c. 


Examples. 


dv 

1. Let y = x" ax m c, then ~ = nx 71 -' max” 1 -', and 

dy = nx n ~ x dx -f max^-'dx. 

' 2. What is the differential coefficient of ax 2 —^? 

Let y—ax 1 — £c 3 , then fa; 3 =2a:r— § . — r 

MX jp3 


3. What is the differential coefficient of a)? 

Let y—x^ix 11 — a)=ot?— ax?, then 

d l =2x 21 -\cl £~ 1 -?L. 

2a£ 

4. WTiat is the differential coefficient of o® 8 — x+~? 


Let y=ax 2 -x + ~—ax i —x + x-*; 


^=2ax—l—2x 2 - 1 =2ax— 1— 
dx xP 
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5. What are the differential coefficients of the following 

functions, £(2x 5 —6x 3 ), x 3 + x 2 — x + 1, — (2x— 1) 

x(2x+l), (a — x) 2 + ax, ^ax 4 — o?(l — x) 2 ? 

Answers . 2a^~ 1 /a£, 3a; 2 + 2a;— 1 , 2o^v-ao; 2 , 8a;, 2x t —a, 

2ax ?+\ , 3a; 2 — 4a;-f 1. 

ar z — 

6. What is the differential of (a-fo;) 3 — a( 3o? 2 -f a 2 )? 

Let y=(a + o?) 3 — a(3a^ + a 2 )=a^4-3a‘ 2 a?; , ** , (j :o< 

^=3a^H-3a 2 , dy—3x 2 dx + 3ardx. 

7. What are the differentials of the following functions. 

-(a?— 2a$), l)(o;*— 1), (a— a;) 3 + 3a 2 a? ? 

tf 

dx 3 j 

Answers. 2xdx -x*dx, 6cixdx — 3x 1 dx. * 

x * £ 

40. Rule 5. To find the differential of the product of two 
functions, multiply each function by the differential of the 
other, and add the products. 

Required the differential of y=z(a-hx)x. 

This expression may be readily differentiated by multi- 
plying the factors, and then applying Rule 4. ; but we pro- 
pose to go through the operation so as to illustrate the 
method by which the ruhrlTere given is established. 

Incr. y=z(a + x + h)(x + h)— (a-f x)or. 

Subtracting and adding (x-\-h) and reducing, 

incr. y = {(a+x+h )— (a + a?)} (a;-f- A)-f- {(a?-f A)— a?} ( [a + x ) 

= h(x + A) 4- h(a + x) 

_ ( X + h) + (o + *). 

D 
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When h approaches 0, we have, 

— = x -f (a + x ) = a -f 2x, 

,\ dy=zdxxx + (a + x)dx = (a -f 2x)dx. 

Let ns now apply this method of demonstration to the 
general formula, */=/(#) x f(#). 

If # takes the increment h , we have, 


incr. y = /(a: + A) x f(# -f A) ~ /(a:) X f(#). 
Subtracting and adding f(x) x f(z + A), and reducing, 

incr. ?/ = + A) — /(^)}f(x + A)+ (f(:c + A)— F(a?)}/(a?) 

=incr. t /'(a?) x F(a? + 4) + incr. f(#) x /(a;), 

incr. y incr. f(x) , , incr. f(#) _ x 

— A -*= 


As this equation holds true for all values of A, it will also 
' bo true when A approaches 0, and then the limiting value of 

— - y— = ^-, the limiting value of — ^ and so 
A dx & hdx 

on. 


. d^_df{3C) 

dx dx 


xf (o+^£* } 


*/(*), 


and multiplying each side of this equality by dx, 

dy—df(x ) x f(#) -1- dh'(x) xj(x), 

41. It will now be easy to differentiate the product of 
three or more functions of the same variable. 

Let y=f(jx) x f(o?) x $(x), 

then if $>(x) be put for f(x ) x f(#), 
y =<]>(#) x <f>(x). 

Differentiating by the rule just proved, 

d?/=d$(x) x <j)(x) + d(j>(x ) x $>(*), 
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but $(x)=y , (x) X f(x) 
d #(x) —df(x) x f(x) 4 g?f(x) xf{x\ 
therefore by substitution and reduction, 

dy=df(x) x f(x) x <p(x) 4c£f(x) xf(x) X(f>(x) 

4<fy(x) x/(x)x f(x). 

Where we multiply the differential of each factor by all the 
other factors , and add the results. The rule will obviously 
apply to any number of factors. 

Examples. 

1. Let y=(ax + x?) («4x 3 ), then by the rule, 

dy = d(ax -f x 2 ) x (« 4 x :t ) 4 d(a. -1- x 3 ) x (ax -f x 2 ) 

= (adx 4 2xdx) x (a 4 x 3 ) -f- S.trdx x (ax 4 x 2 ) 

= (5a, 4 4- 4 ax' 1 4 2ax 4 a 2 ) dx , by reduction. 

Dividing each side of this equation by dx will give us 
the value of the differential coefficient. • 

2. Let y = ( 1 4 x 2 ) ( 1 4 a; 3 ), then dy—( 5x* 4 Sx 2 4 2x)dx . 

3. Let y=(tt + Z»ar 3 ) (Z>a; 3 — a), then dy=z6b 2 x 5 dx. 

4. Let ^=(1 4# -1 .r 3 ) (1 — x 3 )4 x 6 ~ 1, then 

= (dx 4 3x 2 dx) ( 1 — x 3 ) — 3x 2 dx x ( 1 4 x 4 x* 3 ) 4 6xPdx 

= (1 —4 x 3 )dx, and 1 — dx 3 . 

5. Let y—(a-\-2x 1 ') (a — 3x 3 )46x 5 , then = 4 ax — 9 ax 2 . 

6. Let y=x 2 (l — ax 2 ) (1 + ax 2 ), then ^ =2x— 6a 2 x 5 . 

42. Rule 6. To find the differential of a fraction, mul- ^ 
tiply the differential of the numerator into the denominator, 
from this product subtract the differential of the denominator 
multiplied by the numerator, and divide the remainder by 
the square of the denominator. 

D 2 



DIFFERENTIAL CALCULUS. 


Let y= — ■ - , then when x takes the increment k f 
Ot»c 


incr. y— X+h — - ( x + A )( a + x )- x ( a + a: + A \ 

^ a + x+h a+x (a+x+h)(a+x) 

Subtracting and adding x(a + x ) to the numerator, 

. {(x+A)-a}(a+a:)-j{(a+^+A)-(g+a;)} 

y ( a+x+ / t ^ a+x j 

_ 4(a + ar )— xh jjr _ £ 

~~ (a + x + K) (a -f or)’ 

# incr. y a % dy _ a 

A A) (a -}-*)* ** dx (a-J-a:) 2 * 

Let us now apply this method of demonstration to the 

general formula, y — 

F W 

Let a? take the increment h, then 
incr 

y f(^+A) fO) 

F(a?-(-4)F(a?) 

Subtracting and adding and reducing, 

incr v- i /•(» + *)-/(*)} r(*)~ {f(;t + A)-f(*)}/(*) 

’ J Y(x+hy${x) 

__incr. t / , (ar)XF(«5P) — incr. F(ar)x/’(ar) 

F(ar-|-A)F(ar) 

Dividing both sides of this equation by h , 


mcr. y 
h : 


incr. f (a:) incr. f(:t) _ x 

^-w x F(l) __W X /(*) 

t(x + h)y(x) ~~~~ 


As this equation is true for all values of h , it will also be 
true when h approaches 0, and then the limiting value of 
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mcr, 


; the limiting value of ^ ; and 


so 


d f(*) 

dy dx 


Xf(x)- 


dp(x ) 
dx 


x/(*) 


da: - {f <»} 2 

Multiplying both sides of this equation by dx y 
j.,- d K x ) X F(») -<&(*) x/(x) 

J ~ {*{•)? 


Examples. 


1. Let yz=z~ ^ ~ ^ ~ ^ ; then by the rule, 

^ _d(Sx 2 - 1 ) x (* 2 4- 1)- r/(zr 2 + 1) x (3.r 2 - 1 ) 

J ~ (**+i r 

6xdx x (a 2 4 1) — 2xdx X C3^: 2 — 1 ) &xdx 



Sx 

(x J -f 1 ) 2# 


2. Lety 


3. Lety; 


f! then 2q2 * 

a 2 + * 2 ’ C + 

*<>±1) then rf ^-_ i^±L_ 
a^ + tf+l’ dx~ (x 2 + a:-f 1)2' 


4. Let y= 


x 3 


X‘ 


then 


a? 2 —! x — 1 


dy __ 2ar 
fito (x~— l^ 2 * 


5. Let y—ax 3 3 —^ — , then ^:-~Zax 2 — ? 

6. Let y = ^ then dy=^-_. 
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7. Lety- 


1 +X 2 


tlien dy= 


Ax dx 


43 . Rule 7. To find the differential of any power of a 
function, multiply together the index of the power, the func- 
tion itself with its index diminished by unity, and the dif- 
ferential of the function or root. 


Let y—z z , where z—a+x 1 . 

When x takes the increment A , let the increment of z be A , 
then we have, 

incr. y—(z-\- A) 3 — z 3 = (3 z 2 f 3 zk -f A 2 )A 
= (3s 2 + 3 zk + A 2 ) (2xh + A 2 ), 

because A or incr. z =«-}-(# + A) 2 — (a -f-# 2 )=2;rA-f h 2 . 

- cr ^= (3z 2 + 3*£ + /<-') (2a? + //). 

Now when A approaches 0, A or incr. z also approaches 0, 
since the magnitude of A depends upon the magnitude of A ; 
hence, by making A approach 0, we have, 

~=3~ 2 x 2a?=3(a+ a? 2 ) 2 x 2x, 

dy or d(a -f- x 2 ) 3 = 3(<z + a? 2 ) 2 x 2 xdx 9 
where 2xdx=d(a + x 2 )- 

Let us now consider the general case, y=z n , where 
z=f(x). 

When x takes the increment A, let the increment of z be A, 
then we have, 

incr. y—(z-\-k) n — z n — nz n ~ l + —!^—~z n - 2 A -f &c. ^ A. 
Now when A approaches 0, A or incr. z also approaches 0, 
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since the magnitude of incr. z depends upon the magnitude 
of h ; then the limiting value of — ^ ; and the limiting 


, „ k incr. z dz 

value oi y or — 

h h dx 


. n \dz 7 „ . , 

. . nz n - l ^~, or dy—nz n ~'dz 


Examples. 

1 . Let y = (a 4- bx -f cx 2 ) n , then z = a -f bx 4- cx 2 , 

4- bx 4 co? 2 )”- 1 <tf( a + 5a? + <?a? 2 ) 

=w(a + 5a? 4- ca? 2 )’*- 1 (5 4- 2cx)dx . 

2. Let y== V^ 2 4a? 2 =(a 2 +a? 2 ) ', 

t^=K« 2 +* 2 ) 5_1 c^a»+a?)=-~U, 

• dy ~ X 
dx a/ _|_ q£l 

3. Let y=(l -fa?4-a? 2 ) 3 , then ^==3(1 +a?4-a? 2 ) 2 (l 4 2a?). 

4. Let y= $ 1 4 a? 3 , then ~ = — - . 

* (!+*>)* 

5. Let ^=(2 4 3a? 2 ) (1— x 2 ) 3 , then by Hide 5 , 
dy—d{2 4 3a? 2 ) x ( 1 — a? 2 ) 3 4 d{\ — x 2 ) 3 x (2 4* 3a? 2 ) 

= — 6a?(l — a? 2 ) 2 (4ac 2 4* 1 )dx. 

6. Let y=x 3 (a 4- a?) 2 , then cfy=(3a-f 5a?) (a + x)x 2 dx. 

7. Let y={ 1 4a? 2 ) 3 (l 4 a?) 4 , then 

dy = (446a?4 10a? 2 ) (1 4- a? 2 ) 2 (1 4 x) 3 dx. 
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8. Let y =- ^ en ^7 

j _ 3(1 +#) 2 d#x (1 4-a? 2 )— 2a?efox(l -fa:) 2 * 

(i +»*)* 

(1 +a?) 2 (3 — 2x+x 2 )dx 

(TT^7 ‘ 


9. 


Let y= 


V a? — a ? 2 


■, then dy=. 


—a 2 dx 


10. Let y— 


V'l +X* 


then dy= 


2xdx 


( 1 +* 4 ) 


X 


x n 


11. Let y=- ^ Y —-y =x m (l +x')~ 9 , then by Buie 5, 

dy=nx n ~ l dx x ( 1 + x)~* - n( 1 + a;)-"- 1 dx x x 9 
nx n ~ l dx 


12. Let y 

13. Let y 


(1 H-a?)" n# 
1 


~(l-x)* 9 
1 


then dy- 


Sdx 


then dy= 


\l-xf 

3 dx 


14. Let ^=(1 +#) (1— a?)*, then dy 


2(1 -a?)* 

(l-&g>fo 
2(1 -*) J ’ 


15. Let then 

u x n + 1 dx (#”+l) 2 


16. Let y=-^=+^- 1 --f, then $U£ ±Z=M=&. 

Vl-x x dx 2x , (l—x) i 
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MAXIMA AND MINIMA. 

44 . The maximum state of a function, is that particular 
value which is greater than any of the values which im- 
mediately precede or follow it. On the contrary, a minimum 
state of a function, is that particular value which is less than 
any of the values which immediately precede or follow it. 

When a railway train starts, its motion is very slow ; the 
speed goes on increasing until it attains a certain limit, which 
we call the maximum speed ; and when the steam is being 
turned off, the motion becomes gradually less and less until 
it attains a minimum when the steam is being turned on 
again. 

In the circle, the sine increases with the arc until it 
arrives at 90°, when the sine = radius, and afterwards the 
sine decreases as the arc increases until it arrives at 180°. 
In this case the sine is a maximum when the are = 90°. 

In fig. 1 . Art. 49., di is the maximum ordinate; and iru 
fig. 2., di is the minimum ordinate. 

These illustrations show, that just before a quantity attains 
its maximum it is increasing, but just after it has passed the 
maximum it is decreasing; and the contrary takes place 
with respect to the minimum. 

45 . The following example shows that while x increases 
continually, the value of the proposed function of x increases 
only up to a certain value of x, and afterwards decreases. 

Let f(x) =6 a?— x 2 , then we have, by actual calculation, 
values of # 0, 1, 2, 3, 4, &c., 

corresponding values of f{x\ 0, 5, 8, 9, 8, &c. 

Here 6x —x 2 is a maximum when £=3. 

46 . The following example shows that while x increases 
continually, the value of the proposed function of x decreases 
to a certain value of x , and afterwards increases. 

Let /(£)=£ 2 + (4— a:) 2 , then we have, by actual calcula- 

tion. 
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values of x ... 0, 1,2, 3, &c., 

corresponding values of /(#), 16, 10, 8, 10, &c. 

Here a 2 + (4 — x) 2 is a minimum when x=2. 

The differential calculus supplies us with the means of de- 
termining the maximum or minimum value of any function. 

47 . If a quantity changes its sign it must have passed 
through 0 or oo . 

If a tradesman’s profit continually decreases from day to 
day until it becomes minus, that is, until lie loses by his 
trade, then it is evident that his profit must have been zero 
before it could change its sign from plus to minus. 

The expression (x— 2a) 3 is minus for all values of ,x less 
than 2 «, and plus for all values of x greater than 2a. Now 
if we suppose x at first very small and to increase continually, 
this change of sign can only take place by x passing through 
the value x— 2a, and then (x— 2a) :i —0.* 

Let a point b move along the line liC ; then so long as the 
# point is on the right of a, its distance 
from A is positive, when it arrives at A 
its distance is 0, and when it has moved 
on to the left of A its distance from a 
becomes minus, that is, the distance in 
passing from the plus to the minus state, 
has gone through 0. 

Let the ordinate bc of the 
curve cgf move from the point 
a ; then at b this ordinate has a 
plus value, when it arrives at G 
it becomes 0, and at d the ordi- 
nate df has a minus value, that 
is, in passing from plus to minus the ordinate has passed 
through 0. 
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48 . If x increase continually , then will he positive 

or negative , according as f(x) is increasing or decreasing . 

In the function f{x\ let x take the increment h , then 
f(x-\~ll) — f(x) 

- — will obviously be positive or negative accord- 

ing as f(x) is increasing or decreasing, and this will be the 
case however small h may be taken, that is, the limiting 

i df( x ) .,, , 

value ot yr or ^ ^ will be positive or negative 

according as f(x) is increasing or decreasing. 

49 . Let the ordinate bg , of the curve gnijk , move 
uniformly from A towards F, and let the ordinate become a 
maximum when it arrives at the position di in fig. 1., and a 
minimum in fig. 2. Now as the ordinate of a curve is 
always some function of its abscissa, let #=ab the variable 
abscissa, and f{x) — bg the corresponding ordinate. 



In fig. 1., the ordinate is increasing before it becomes a 
maximum, that is, f{x) is increasing, and therefore, by 
df( x') 

Art. 48 ., be positive before the ordinate’arrives at 

the maximum position. On the contrary, after the ordinate 
has passed the maximum position, it is decreasing, that is, 

df(x) 

f(x) is decreasing, and therefore, by Art. 48 ., - will be 

negative after the ordinate has passed the maximum position. 
df lx} . 

Thus it appears that ' ^ - changes its sign from + to — 

in passing through the maximum position of the ordinate ; 
df\ ( X s ) 

therefore by Art. 47 ., when f(x) is a maximum. 


D 6 
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df(x) 

Similarly in fig. 2,) dx changes its sign from — to -f in 

passing through the minimum position of the ordinate, there- 

df(x) 

fore by Art. 47 ., -^—=0, when f(x ) is a minimum. 

Hence we have the following rule for finding the maxi- 
mum or minimum value of a function. 

50. Rule . Find the differential coefficient of the func- 
tion f[x) 9 and put the result equal to 0 ; then the value of x , 
determined from the solution of this equation, will be the 
value of x , which will render the proposed function a max- 
imum or minimum, should it admit of becoming so.* If, as 

df(x) 

x continually increases, - changes its sign from -f to— , 
there is a corresponding maximum value ; and, on the con- 
trary^ there is a corresponding minimum value if 

changes its sign from — to + : but if there is no change of 
•sign, the function does not admit of a maximum or mini- 
mum. 

51. The following considerations will frequently simplify 
the operation in finding the maximum or minimum value of 
a function. When a quantity is a maximum or minimum, it 
is obvious that any power, root, multiple, or part of the 
quantity, will also be a maximum or minimum. 

Examples. 

1. Divide a line, whose length ab= 8, into two parts, ac 
and cb, so that their product may be 

a maximum. . ^ £ — — jj 

Let x = ac, then 8— x=cb. Hence 
we have to make 

* Independently of the criterion here given, the peculiar nature of 
certain geometrical as well as other kinds of problems will indicate 
whether the proposed quantity admits of a maximum or minimum state. 
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J{x)~x(8—x)=8x—x 2 , a max. 

Differentiating and putting the result equal to 0, 

8— 2*=0, 
ax 

solving the equation, 8— 2x=0, 

we find x=§=4f. 

Hence it appears that the two parts must be equal to 
ont another. This result may be verified by arithmetic ; 
thus 3 X 5 = 15, 6 x 2=12, &c. ; whereas 4 x 4=16. 

2. To inscribe the greatest rectangle 
igfd in the semi-circle abfg, whose 
radius CF=r. 

Let df—x, then cd= V r 2 —x 2 , and 
id = 2cd=2 Vr 2 — x 2 ; 

.\ area rect. igfd=df XiD=2xVr 2 — x 2 — sl max. ; 

therefore, by Art. 51 ., omitting the constant factor 2, and 
squaring, 

x\r 2 — i 2 )=r¥-^=a max. 

Differentiating and making the result equal to 0, 

2r 2 x— 4x 3 =0 ; 



r a r 

= 2 and * = V2- 


3. Given the hypotlienuse ( = c) of a right-angled tri- 
angle ; to find the other sides, when the area is a maximum. 

Let a?=one of the sides, then the other side= Vc 2 — x 2 -. 


/, area triangle —'-v'c 1 x l 


a max., 


x*( c*— a: 2 ) — c 2 ^ 2 — ct 4 — a max. 
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Hence we find, as in the last ex., and the other 

V * 


side = V'c 2 — a ? 2 = — ^ ; therefore the required sides are 
a /2 

equal. 

4. In the given triangle a bc, to in- 
scribe tlie greatest rectangle ikvs. 

Let AB-C, the perpend. cd=Z>, and 
iK=DF=a?, then, by the similar tri- 
angles abc and Kvc, we have, 

cd : ab : : cf : kv 


K 

/ 

X 

V 

/ 

L 


N 


b l cW b—x : K V = ^(b — x) ; 


.*, area rect. =k y x i k = j ) (b ~ x ) x = a max. 

Neglecting the constant multiplier, we have, 
y — {b — x)x=.bx— x 2 = a max. ; 

^ =b—2x= 0 ; /. x=z b- 
dx 2 

5. Required the length of the greatest roller isvk 
which can be cut out of the given right v 

cone abc. 

Let AB=a, c d= 5, and cp =# ; then we / \ 

have, by similar triangles, 
cd ; ab::cp ; kv 


b : a :: x : kv= 


ax 

T 


Solidity cy. isvk = area base x length 
= *7854 kv 2 xik 
•7854 a 2 



& 


xx 2 (b—x)=[i max. 
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Neglecting the constant factor, we have 

7j = x 2 ( b—x) — bx 2 — x 3 = a max. 

~j^=2bx — 3# 2 =0, /. x—^b, 
ax 3 

and ik=cd — CP=^— = 

6. The perimeter, or sum of the sides, of a rectangle is p, 
required the sides when the area is a max. 

Let a?= the base, then the perpendicular = } 2 p—x, 
Area—x(^p — #) = \px — # 2 =a max. 

Differentiating, &c., we find x—\p\ hence it follows that 
the greatest rectangle is a square. 

7. A rectangular sheep-fold abcd is to be built against an 
old wall DC, so as to enclose a given area, viz., a square feet. 
Required its dimensions, so that it may be built with the 
least expense. 

Here the expense will be a 
minimum when the length of the 
walling cb ad is a minimum. 



Let #=ab, then abx ad=q, .*. ad 


a 

x' 


•\ the length of the walling -AB-f 2 ad=^ + 


2 a 
x 


a min. 


Let y~x+— =a min. 

X 


3 ~=1 =0, and #= ^ 2a, 

ax x 2 




64 


DIFFERENTIAL CALCULUS. 


8. Required the same as in the last example, when the 
enclosed space is divided into two compartments by a 
wall FQ. 

Adopting the same notation as in the last example, we 
have 

the length of the walling =ab + 3a D= aH . 

oo 

Hence we find ad=^ab. 

9. A cistern, open at the top, having a square base, is to 
be covered with a sup. ft. of lead ; required the dimensions 
of the cistern when its content is a maximum. 

Let r=the side of the base, and z — the perpend, height; 
then the sup. ft. in the cistern = x 2 + 4xz=a ; 


a — x 2 



and solidity of the cistern = area base x perpend, height 
= x 2 x z=l(ax —x 3 )—u. max., then we have, 


y — ax — x 2 — a max. ; 



Hence the height must be half the side of the base. 


10. To describe the least isosceles triangle abc, about a 


given circle, whose radius op=OD=r. 

Let a?=co, then cp= x 2 — r 2 , and 
from the similar triangles cpo and cda, 
we have 
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Area A ABC=ADXDO=^^r=a min. 

v'a: 4 — r* 

(x + r) 4 (a:+r) 3 

and y—^-i — i-= - — = a mm. 

17 — t* x — r 


. dy__3(a?+r) 2 (ar— r)— (ar-fr) 8 ^ 
* * <*r~ (*-r) 2 

3(a? + r) 2 (ar— r) — (# + r) 3 =0, 

x=2r, and CD=#-f r=3r. 


11. Required tlie altitude of the greatest cone abc, which 
can be cut out of the given sphere adbc, 
whose diameter cd=2t\ 

Let fcCP, then PD=2r— x, 
and ap 2 =cp x PD=a?(2 /■—#), 
area base cone =n x A? 2 =nzx(2r—x), 
solidity cone=^ area base x perpend. 

7T 

= -x\2r—x)= a max. 



Differentiating, &c., 4nc— 3.z 2 =0, #=fr. 

12. To bisect the triangle ABC by the shortest line Pa 

Let isc=za, ac=A, cp=#, and CD=y, 
then by the problem, 
area Aabc=2 area a pdc, 

,\ ^ ah sin c=2 x \xy sin C ; 

2xy=.ab, and y=~. 



Now, by Trigonometry, page 125., we have 
PD 2 =CP 8 + CD 8 - 2cp . CD .cos c 




a 2 5 2 
4 r* 


ab cos c= a min. 
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Differentiating, &c., we have 2»— -^=0, 



Hence it follows that cp=cd. 

13. Through a given point p within a given right angle 
abc, to draw the line dq which shall cut off 
the least triangle dbq. 

From p draw pr parallel to bc. 

Let BR=a, rp=&, BD=ai; 
then DR=a? — a , and by the similar tri- 
angles dbq and drp, we have 
dr : rp:: bd ; bq 

7 . l )X 

x — a\ by. x l bq= . 

x — a 



Area A dbq=£ bd . bq= 


bx 2 

2(x—a) 


a min. 


and y 


x 2 

x—d 


a min. 


dy 2x(x-—a)—x 2 

dx~ {x—u) 2 


x~2a. 


Hence it follows that the line dq is bisected in the 
point P. 


14. The whole surface of a right cone is c sup. ft. ; re- 
quired its dimensions when the content is a maximum. 

Leta?=the radius of the base, and the slant height ; 
then we have, 


circum. base = 2irx ; area base = irx 2 ; 


convex surface =£ circum. base x slant height = tt# x z ; 
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Total surface cone = nx 2 +vxx z=c ; 


z= X ; 

irX 


perpend, height cone= Vz 2 —x 2 = A / ° 2 

W ir 2 x 2 tt * 

Solidity cone = ^ area base x perpend, height 

=^ 2 a/ *&-r= amax - 

Squaring and neglecting the constant factor, we have, 
y=x i ( --—2 ) =-a: 2 — 2x* = a max.; 

\TTX~ 1 / 7T 

/. Y — x — Sx't—O \ x—l/sfc, 

ax 7T V 7T 

and *= C — x~),\/ C -. 

TlX 2 V 71 


Hence it appears that the slant height is 3 times the radius 
of the base. 

15. Let r be the radius of a circular sheet of tin; it is 
required to find the dimensions of a sector cut out of it, 
which will form a conical vessel of the greatest capacity. 

Let x = the length of the arc of t he s ector. 

]Sow when the sector is coiled up so as to form the cone, 
x will be the circumference of the base, and r will be the 
slant height ; 


,\ diam. of the base =-, and rad. base =~ ; 

% 2v 

perpend, height of the cone= > 

q j, -j.2 

and area base = , x — =—- ; 

4 TV 2 *±7T 
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X f Str 

•\ content = £ area base x perpend. = £ . 7,2 ~ 4^2 

= a max. Squaring and neglecting the constant factors, 

= a max. ; 

-g=w-A*»= 0j *= 2rr \/I* 

16. Of all triangles upon the same base a, and having the 
same perimeter 2p, the isosceles has the greatest area. 

Let x— one of the sides, then the other side —2p—a -x. 
By Mensuration, prob. 3., we have, 

area A= \/p(p—a)(p—x) ( p—2p—a—x )— a max. ; 
y=(p—x) (a+x—p) = a max. 

Hence we find, by the usual process, a?=p — and the 
a 

other side =z2p — a—x=p — ^ 

17. To inscribe the greatest parallelogram in a giver 
parabola. 

Let abf g be the given parabola, and igfd the requirec 
parallelogram. (See Jig. to Ex. 2.) 

Put the height ce = &, and #=eq, then by the property 
of the parabola, Art. 19., 

GQ 2 =4aa?, and .\ gf=2 v^4 ax. 

Again, ig=cq=ce — eq— b—x. 
area igfd=gfxig= 2 / / 4a#(6— a?)=a max. 

.*. y=x(b—z c) 2 =a max. 

x) 2 — 2x(b— a:)=0. 
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•\ x=z^ 9 and CQ=&— #=§ b. 
o 

That is, the height of the rectangle must be two-thirds of 
the height of the parabola. 

18. To determine whether y=x 2 —6x admits of a max. or 
min. value. 

In the preceding examples the peculiar nature of the 
figure has invariably indicated, with sufficient certainty, 
whether the proposed quantity became a max. or min. ; now 
in the following examples we shall find it necessary to em- 
ploy thgjtest of a max. or min. given in the Rule. 

y=x°—6x; ^=2x-6=0; 

dx 

•\ a?=3. 

In order to ascertain whether this value of x gives a max. 
or min. value to y, we have to observe that 2x — 6 will be 
negative for all values of x less than 3, and positive for all 

values of x greater than 3 ; that is, ^ will be increasing as 

ax 

x is continually increased ; hence we conclude that y admits 
of a minimum. Or we may substitute 3 for x in the pro- 
posed expression a? 2 — 6x, and ascertain, by an easy trial 
whether this value of x renders the expression a max. or 
min. 

19. To determine whether y=aa;— x 2 admits of a max. or 
min. value. 

Here 2a:=0, .\ a?=-. 

dx 2 

Now a—2x will be positive for all values of x less than g, 
and negative for all values of x greater than ^ ; that is, ^ 



70 


DIFFERENTIAL CALCULUS. 


will be decreasing as x is continually increased, therefore 

x=~ makes y a max. 

£ 

20. To determine the maxima and minima values of the 
function y—3x 3 — x+c. 

d £=9x*-\ = 0 ; /. x=±b 

Where makes the proposed function a min., and 

x— a max. 

■y x dy 1—x 2 

Lety= JMT ; dx^(x r +if 

1 — x- — 0, and x— + \. 


In addition to the criterion of a max. or min., given in the 
Rule, the following one may be advantageously used. 

. d l f 

Now if the value of be decreasing , then it follows by 

Art. 48 ., that the differential coefficient of this quantity will 
be negative , which will therefore indicate that the function 
admits of a max. ; and in like manner it may be shown that 
if the result of the second differentiation is a positive quan- 
tity, then the function admits of a min. 

1 —x 2 

In the above example, put y'=j~.- t — p-, then we find by 
differentiating, 

dy f _2x 3 —6x 


dx 0 2 +l) 3 ' 

If *=+h d J-= -b ••• y=x*+i =*> a max - 


+ ' 2> 


y— — a min. 


This process is equivalent to finding the second differential 
coefficient of y , or the value of ( See Art. 59 .) 
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21. To divide a given number a into two parts, such that 
the third power of the one multiplied by the second power 
of the other shall be a maximum. 

Let #=one part, then a — x=- the other ; 

/. ?/=:x\a — x) 2 = a max. 

^==3tf 2 (« — x') 2 — 2x z {a— i *r)=0. 

CLOG 

3gi — 5a?=0, and 

o 


22. Let a ship sail from a given place a, in the direction 
ax, at the same time that a boat sets 
out from another place b to approach 
the ship ; it is required to find the 
direction m which the boat must sail in 
order to come as near the ship as pos- A & oC D x 
sible, the velocity of the ship being to that of the boat as m 
to ft. 



Let D and p be the position of the two vessels when 
nearest to each other, then dpb must obviously be a straiglfc 
line. Draw bc perpendicular to ax, and put AC =«, bc=&, 
and CD=a?, then bd= V' bc 2 -|-cd 2 = \^b 2 +x 2 ; moreover. 


ad l bp : : m \ n, 


Br== w(ffl±£)_ 

m 9 


\ PD^=BD — BP= Vb 2 + X 2 


n(a- f a?)_ 


:a min. 


Hence we have by differentiation, &c., 


x 


= 0 , 


X = 


nb 
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23. Within a given parabola aeb, 
to inscribe the greatest parabola gfc 
having its vertex C in the middle of 
the base ab. 

Let CE = t>, and eq = #, then, 

Art. 19 ., GQ 2 =4ax, and gp 
~2*/ 4 ax. 

area parabola gcf = 5 gf . qc 

=| x 2 a/4 ax x (&—#)= a max. 
y ~ x(b — * a?) 2 = a max . 

^=(f>—x) 2 —2x(b—x)=0, 



24. The corner A of a leaf is turned over, so as just to 
reach the edge of the page at c ; it is required to find when 
the length of the crease pd is a minimum. 


Let AB— a, and af=l Join AC, cut- 
ting pd in F; draw fq parallel to bc ; 
then, since ad = cd, and ap=pc, there- 

* a , 

lore af=fc, aq-=qb=-, and /_ afp= 
A 

a right angle. Now from the similar tri- 
angles apf and pqf, we have, 



ap : pf :: ?p : pq, 

/. pf=Ap. 1-Q = / y / x ( x ~^). 

Again, from the similar triangles ap'd and qpf, 
ap : pd:: pq : pf *, 


. ap.pf 

PD= 

PQ 



=a min. 
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y 



2*3 

= =a mm, 

2x—a 


dy __6* 2 (2* — < 2 )— 4a? 3 n 

A (2* — a) 2 

, r . 6* 2 (2*— a)— 4* 3 =0, and *=fa. 

25. Find when the area of the part turned down is a 
minimum. 

af= a/ap 2 — pf 2 = v' ±aoc, 


area apd=^pd.af; 



a min. 


y =2^ =a mIn ” 


* 


2a 

T* 


26. If z=b—ax, represent the relation of the speed and 
traction of a horse, where z is the traction in lbs., and x the 
rate in miles per hour ; required the rate * so that the horse 
may perform the greatest amount of tvork. 

Work per hour = 5280*r=5280*(5— a*) = a max. 
y=x(b — ax)=bx—ax 2 = a max. 



— 2a*=0, 



If 5=250, and a=41J, then 


250 

x41f~ 


Mechanics, Art. 6 .) 


(See Tate s 


EXERCISES. 

1. Divide 15 into two parts, such that the product of the 
less by the square of the greater, shall be a maximum. 

Am. 10 and o. 
E 



74 


DIFFERENTIAL CALCULUS. 


2. The greatest rectangle inscribed in a quadrant of a 
circle is a square. Prove also that the same is true for the 
whole circle. 

3. Required the same as in Ex. 9., when the cistern is 
closed at the top. 

Ans . The vessel must have the form of a cube. 

4. Required the same as in Ex. 9., when the cistern, has 
the form of a right cylinder. 

Ans. The height must be half the diameter of the base . 

5. Supposing the vessel in Ex. 9., to be made of tin, and 
that it is divided into two compartments, what will then be 
its dimensions? 

Ans. The height must be -§• of the side of the base . 

6. Required the altitude of the greatest cylinder which 
can be cut out of a sphere whose diameter is d. Ans. v*/^. 

7. Given the same as in Ex. 13., to draw dq so that bd + 

bq shall be a minimum. Ans. kd= V ab . 

Next show that bd=bq when the area of the triangle deq 
is a minimum. 

8. To find a point in a semicircle, such that the sum of 
the lines drawn from it to the extremities of the diameter 
shall be a maximum. Ans. The point will bisect the arc. 

9. Of all the cones whose convex surface is given (=<?) to 
find that whose solidity is a maximum. 

Ans. The radius of the base ~ *\f 

10. At what point in the line ( = d) joining the centres 
of two spheres, whose radii are r and r„ can the greatest 


amount of both surfaces be seen ? Ans. x-=.-~ 3 . 

11. The altitude of the least cone circumscribed about a 
given sphere is equal to twice the diameter of the sphere. 

12. If two bodies, a and c, move at the same time from 
two given points, A and c, in the directions AC and cb, and 
with the velocities m and n ; it is required to find the dis- 
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tance moved over by c, when they are at the least distance 
from each other. 


Ans. 


an(m -f n cos c) 
m 2 -f n 2 -f 2mn cos c’ 


where «=ac. 


13. The altitude of the greatest parabola that can be 
formed by cutting a right cone is J of the slant height of 
the cone. 


14. Required the base of the greatest rectangle which 
can be inscribed in a semiellipse, whose major axis is 2a, and 
minor axis 2b. Ans. a 


15. Let 3x+2 ; to find when y is a max. or min. 

Ans. x— — £ makes y a min. 

16. y—3x 2 — 4# is a min. when 


17. y= 


x 2 —x + 1 
x 2 +x— 1 


is 


a min. when x—2 , and a max. when 


x—0. 

18. y=l + 3# — x z is a max. when x=l, and a min. when 
x= — 1. 


RULES FOR THE DIFFERENTIATION OF FUNCTIONS. 
[ Continued from page 56.] 


52 . Rule 8. To differentiate a compound function, or the 
function of a function. If y=F(z), where then 

; that is, the differential coefficient of y is 

dx dz dx 

found by taking the differential coefficient of y with respect 
to z, and then multiplying this result by the differential 
coefficient of z with respect to x. 


First, taking a particular case in order to illustrate the 

x 2 x 

process of reasoning, let , or putting z for j-j-j, 

y=z 2 . 
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Now, when x takes the increment A, let z he increased by 
A, then 

incr. z % 


incr. y=mcr. 2 


2 — 1 


xA ; 


incr. y incr. z 2 A 

but incr. z 2 =(z-f A) 2 — z 2 =.2zk+k 2 , 

.. m ™E^=2z + k; 


incr. z ov k— 


and 2 =- , 

1 + ar 

#-|-A a? 


A 


l + ff + A 1-j-z (l+aJ+AXl+^y 


• # A (l+tf+AXl + tf)’ 

substituting these values in eq. (1), 


incr. y __ 


1 


A (2^ + A)^ ^. af + A)(l +af)* 

which is true for all values of A. Now when A approaches 

0, A also approaches 0, for the magnitude of A depends upon 

the magnitude of A; hence, taking the limiting value of 

incr. y . 

— we have, 

A 


ax 


1 . . dz* dz 

(TT^j*’ b 8, dzdi ! 


dy _ 2x 


* * dx~ 1 +* X (1 + x)*~ (.1 + a:)*' 
Generally, let y~v(z), where 2 ==/(#). 
Supposing, as usual, #to become x+h, 


2x 
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, . incr. f(z) 
mcr. y=incr. f ( z)=-. — 

'' ' ' i nr>r* » 


x mcr. z t 


multiplying and dividing by incr. z ; 

incr. y incr. F (z) incr. z 
k incr. z X h 

As this equality is true for all values of h , it will therefore 
be true when h approaches 0, that is, it will be true when 
the ratios are taken at their limiting values. But when h 
approaches 0, incr. z also approaches 0, since the magnitude 
of incr. z depends upon the magnitude of h ; and then the 

limiting value of -- " Cr ‘ ~ , the limiting value of 

incr. z incr. f(x) dffx) , 

— or and so on. 

h h ax 

. dy_ dF(z) dj[x) dy dz 
" dx~ dz dx dz dx 

Ex. Let y=a -ha?" — ^a^x n * 

Here, putting z for a + x”, we have, 

y— ^ 

. dy._l 1 

2 z 2 \/ a x !** 

and dz - d ( a + xr ) - nx *-i . 

dx dx ’ 


dy dy dz 

* # dx dz X dx 


>■={ 


1 - 


1 


:} 


nx”- 1 . 


2 Va+x? . 

In practice the operation may be conducted after the fol- 
lowing manner : — 

• This may also be differentiated by rule 7. 
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but z—a + oc* ; dz—nx n ~ x dx ; 

1 


dy= | 

{■ 


1- 


dy 

*’• dx~~ 


2 a/ a +x n 
I 

2 \/ a -f a?" 


nx"~ l dx; 


} 

j* n.r"” 1 . 


# As exercises on this rule the student may work out any of 
the examples under Rule 7., which is merely a particular 
form of the one here given. 

S3. Rule 9. If y—f(x\ then 

, then solving this equa- 


First, as an example, let y- 


x — 1 


j _i_ ft 

tion for x, we find x——^-<> thereby showing that if y be a 

function of x, then x must be a function of y. When x takes 
the increment h , let y take the increment k, then 


mcr. x or < 


1 +y + k 1 +y __ k 

y+h y ~ {y+k)y ’ 


. ^ mcr. y k 7 
but — j — — — j —h- 
h h 


-k 


{y+ h )y 


■~{y+ k )y- 


Now when h approaches 0, k also approaches 0, hence we 
have by taking the limiting values, 



-7/ 2 


* OT dx 
dy 


Let us now take the general function y=zf(z). It will be 
readily understood, since y is a function of x, that x may be 
found in terms of y , or what is the same thing, x must be a 
function of y . By simple algebra we have 
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incr. y 1 
incr. a? “incr* x 
incr. y 


• • incr. 7j 

Now as y is a function of x, the limiting value of . 

mcr. x 

or may be found when incr. x or h approaches 0 ; and in 
like manner, as a? is a function of y the limiting value of 

in cr ~y* ° r ma y ^ oun< ^ w ^ en i ncr - y or £ approaches 0, 

which it does when h approaches 0 ; therefore taking the 
limiting values of both sides of the equality, we have. 


1 

dx dx 5 


and 


dy 


dx 1 

d y~ dy 
dx 


Examples. 


1 . Let y—x 2 + 3a? + a , required 


dx 

dy 


Here we might find the value of x in terms of y, and then 
proceed to determine the differential coefficient by the pre- 
ceding rules ; but the process, in general, will be much more 
simple by the present rule. 


dy 

dx 


2a? + 3, 


dx_ 1 _ 1 

dy ~ dy 2a? -f 3* 
dx 


In practice the operation may be conducted in the follow- 
ing manner ; differenting the proposed function, 

dy=.2x dx + §dx—(2x + S)dx ; 


dividing each side by dy , 


dx 

dy 


(2.r+3)= 1, 


dx 1 
•'* dy~2x+ 3* 
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dx 1 

2. Let y=ax f c, then 

3. Let y=~, then g=(l-*) 2 - 


4. Let — x, then 


dy nx n ~ x — 1* 


5. Let * =r ^. then 

\+y dx y 2 +2y 

54 . Buie 10. To find the differential of an exponential 
function, multiply together the hyp. log. of the base, the ex- 
ponentiaHtself, and the differential of the exponent. 

If y—a r 3 then dy= log e a . a x dx. 

Let x take the increment h, then we have, 
incr. y=za x+h — a x —a x (a h -— 1) ... (1). 

Developing by the binomial theorem, a h = {1 4* (a — 1)} h 

= l+/<a-l)+-0^L> (a— l) 2 -f &c. ; 

•\ a h — l=/t(a— 1) + - j— ~ (a — 1 )* + &c. 
Substituting this in eq. (1), and dividing by h, 
c p=«* {(a- 1) + -£=± (a- 1 y+S£=Xj&Z 2 ) («- l)3 + &c.} 

Now when h approaches 0, the limit of — ; 

But by Art. 9., (a- 1)— 1) 2 + K a ~ O 1- &c - =log, a ; 
=log e a . a x , and dy—da x — log„ a . a*dx. 
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Ify=a*, where z—J{x ) 9 then by Rule 8., 

dy da* dz _ dz 

dx dz dx c dx 

df/—da t —\o^ t a . a*cfc. > J 
^ s 

Cor. If e be put for a, then, since log e e= 1, we have, 
de*=e*dz y 


that is, the differential of e z is the product of e* and the 
differential of the exponent . 


Examples. 


1 . Let y = e**, then efy =. e^d^x 2 ) = 2xe**dx. 

2. Let y~c nx , then dy~ne njr dx. 

3. Let y=za c *? 4t , then f/y=log e a . a ex * + *d(cx' + #) 

=log c a . a CI * +x (3cx 2 + 1 

4. Let y=x n e x > then by 5, 

dy—nx?- x dx x x a: r, =a^~ 1 ^ r (w-}-a:)c^. 

5. Let y~e*{x— 1), then dy—^xdx. 

6. Let y=e*(x 2 —2x + 2) > then dy=e z x 2 dx. 

^ T e* , dy e*x 

'• Let y= r+p then 5x = (r+x)^ 


8. Let y=(l-hc x ) n , then we have, by Rule 7., 

c?^=w(l-f e*)*- 1 x c?(l -J- e*) = w( 1 4” e x } n ~ l e x dx. 

9. Let y—fx + e*) 2 , then dy=2(x-\-e x ){l ^~e x )dx. 

55 . Rule 11 . To find the differential of the logarithm of 
a quantity, divide the differential of the quantity by the 
hyp. log. of the base x the quantity itself. 

dx 
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Let x take the increment h , then we have, 
incr.y=log 0 (*+A)— log„;c=log a ^^=log n f 1 +*) ; 

■+*) 

'Now when A approaches 0, the limit of and by 

X 

Art. 28. J?x. 13., log 0 ^1 + *) =log a e= j~— » (see Art. 9.), 

. 4y = rfiogaf_ i _ d d . . 

* * efc dx log e a . ^ log e a . # 

Or thus : — From the nature of logarithms, x=a^, there- 

dx 

fore by Rule 10, dj?=log e a . a v dtj ; dy—* . 

J 06 j > if log e a . £ 

If y=log a z, where z=f(x), then by Rule 8, 

dy_d log g z dz_ 1 ^dz 

dx dz dx lo g t a.z dx* 

and dy=zd\oR a — — — . 

* oa log, a . z 


Cor. If the base be e, then log e e= 1, and 
, i < d log, z=^ ; 

that is, differential of the hyp . log . o/* a quantity is equal 
to the differential of the quantity divided by the quantity 
itself 
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Examples. 

1. Let y=lo go c», then d y = ^^)-=^-. 

2. Let y=log, (a+x), then dy= - 

d( 1-4- x 2 ) 2xdx 

3. Let y=log, ( 1 + x 2 ), then dy= T^ J = T+^> 

, dy 2x 

and i = Hf^- 

^ -r , , dy n 

4. Let y= log c ax’ 1 , then ^=-. 

5. Lety=log e (a: 2 — 1)*}, then 

d\x+ (a£— - l)^j _dx+\(x 2 —\)^ l 2xdx 


x+(x 2 —iy 


x -f (# a — i y 


{(x 2 — \y^x}dx dx 

(j*-l)i{s + (rf_l)t} (**-l)*' 

X 

6. Lety=log 4 -^==p=log,a:— £ log, (l+*»), then 

j dx xdx _ dx 
y ~ x r+P* — ai(l +X 2 )’ 

7. Let y=log, then dy= 

*• L “»= l0& vPrui’ the ° *“«7?+T 
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9. Lety=a? ^log e ar— then 

di/=nx n - l dx x (log e x-^ + * * ** 

=na?— 1 lo g e xdx. 

10. Let y=x(\og e x)*, then dy=(log e a:)”- 1 {log c x+n} dr.. 

dx 

11. Let y=e x log e x 9 then dy=-e*dx x log c a?-h - xe 1 

=e x log c a? 4- ~ J- dx. 

$ 

i dx 

12. Let y=e loe > x } then dy=e loe * x — . 


13. Let y=log e ^r£-j=log e (e*— 1)— log (e*+l), 


then dy— 


e*dx _ e*dx _ 2e r dx 
e*-l e*+l e 2 *—l' 


14. Lety=«Vy/l±f. 


A complicated product may often be conveniently differen- 
tiated by first taking its logarithm. 

log e y=x+^ log e (l +*)-£loge(l-*); 

dy , , dx . dx 2—x 2 . 

-~=dx + ^ . — h£ . i = i „dx; 

y 2 1-ha? 2 \—x 1— a? 2 

dy 2—x' 2 ^ / 1 +x 2—x- 

tx~ V X l-X^ 'Sf 1 — X ' 13^2* 


**• rfx - 2 ' X 1-* 2- ^A/ 1-x’l-a: 2 - 

15. Let 2 /=a? r , then log e y=:a; log c ar, 

dy , dx . dy , v 

~—dx . log c a? + a7 . • • g^=ar !P (log e ar-h 1> 
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56. Rule 12. To find the differentials of the trigonome- 
trical functions, sin x, cos x 9 tan x , &c. 

d sin x=cos x dx 9 d cos x=. — sin x dx 9 
d tan x = sec *x dx 9 &c. 

(1.) Let y=sin x 9 then if x takes the increment h 9 
incr. y=sin (x+h) — sin xx2 cos sin 


by Trigo. Art. 32. page 121. 

. Incr. y 


cos 


H) 


. h 
Sin 2 
h 
2 


Now when h approaches 0 we have at the limits (Art. 28. 
Ex. 17.), * 

. h 

Sln O . , 

2 . _ mcr. y dy 

—= hmi —ir=£' 


dy d sin x _ 


:fcOS X, 


“ dx~~ dx 

and dy=>d sin a?=cos x dx . 

If y = sin z 9 where z—f (a?), then, by Rule 8, 

dy d sin z dz dz 

-f-= — j — x j-=cos 2 X,, 
dx dz dx dx 

and dy=d sin 3= cos zdz. 

(2.) Since cos «=sin Q— 




d cos x—d sin Q— ^ - cos Q— d Q— 

— cin T* v --//r — — sin xdy*. 
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And generally, d cos z= — sin zdz, where z~f (a?). 
(3.) Since tan then, by Mule 6, 


d tan x= 


d sin x x cos x—d cos x x sin x 


(cos 2 #H-sin 2 x) dx dx 

cos 2 x cos 2 x 


sec 2 xdx. 


And generally, d tan z^setfzdz, where z=f(x). 

« 

d'r 

(4.) Similarly d cot z= ~ 
v ' sin 2 z 

From these cases the differential of any other trigonome- 
trical functions may be readily found.* 


* The method of infinitesimals invented by Leibnitz enables us to 
arrive at these results, as well as those in Art. 58 ., 
with great simplicity. Let c be the centre of the 
circular arc ap, of which pn is the sine, and cn the 
cosine, the radius ca being unity. Then, according 
to this method, we may suppose q to be taken so near 
to p that pq may be regarded as a straight line, per- 
pendicular to c p. 

Let a p =*, p N=y, and cN = r; then pq — ds, it 
being the indefinitely small increment of s ; similarly lq =dy, and mn 
or lp= — dx. By the similar triangles plq and pnc we have 

PQ l LQ :: CP I CN, , 

J or ds : dy :: 1 : X, /i l'-'.'— X'SfJ 

' ^ dyzssx x ds, that is, d sin. s = cos. s x ds. 

And pq I lp :: CP Z pn, 
or ds Z —dx’.\ 1 l y, 
y x ds, that is, d cos. s =* — sin. s x ds. 




dx= — 



Again, from the equation dy—xxds we have 

== -- /fy that is, d sin — l y = - ^ 
And from the equation dx — — y x ds we have 



dx 


that is,d cos— 


x — 


dx 


^1—r* 
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Examples, 


1. Let y=sin nx> then d^=.cos nx x d(nx) = n cos nxdx. 

2. Let y=sin%, then by Rule 7., 

dy — 3 sin 2 # e£sinx=3 sin 2 cos xdx. 

3. Let y=(cos x) n y then d^=w( cos a?)"- 1 x d cos x 

= — w(cos a?)"” 1 sin x dx. 

4. Let y=sin 2x cos x, then, by Rule o, 

dif 

-—=2 cos 2x cos a?— sin x sin 2a: 


=cos 2x cos x -f cos 2a: cos x — sin 2a: sin x 
=cos 2a: cos a: + cos 3a:. 


5. Let y=a: — sin x cos x, then dy=2 sin 2 x dx . 

6. Let y=ze** x , then dy=e* xx x d sin x—e*™ x cos x dx. 


7. Let y =log e sin 2x t then, by Rule 11., 


dy= 


d sin 2x 
sin 2a; 


2 cos 2a: dx 
sin 2a: 


=2 


cot 2a: dx. 


8.I*ty=log. A /i +»££ 
V 1— sin a: 


=4 loge (1 + sin a:) — ^ log, ( 1 -sin a:), 


/. 


1 d{ 1+sinjr) 
^ 1 -|- sin x 


^(1 — sin ar)__ dx_ 
Y 1 — sin x cos x 


In a similar manner the other differentials may be obtained. It must, 
however, be observed that the correctness of the results, obtained by this 
method, arises from the principle of the compensation of errors. The 
first error that we adopt is, that pq is a straight line perpendicular to cp. 
Now as this will be more and more nearly true as the arc pq approaches 
0, we compensate for this error by taking the magnitudes depending 
upon pq as if pq were really 0. This method invariably leads to correct 
results ; and, with due care, it forms one of the most powerful instru * 
ments in the application of the differential calculus. 
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9. Let y=log e 


^1— cos x ,, dy 1 

v; , then ~= . 

1-fcosa? dx smir 


_ _ _ . , dy n tan”” 1 x 

10. Let y=tan* *, then 5 = cos2j . 

dy 

11. Let y=tan x— a?, then ^=tan 2 a?. 

, _ -r / r — , dy sec 2 2 x 

12. Let v— v tan 2 x , then > — ■ - - -= » 

* rfy Vtan 2x 

13. Let y=cos 2 a?— sin 2 a?, then dy— — 2 sin 2a? dx. 

14. Let y=sina? cos a: tana?, then 

log* y=log c sin a? + log e cos a? + log fi tan x ; 

dy__ cos a?da?__sin x dx ^ dx 

y sin a? cos x eos 2 a? tan x 9 

, dy f 2 1 

.. 3- = sm a? cos a? tan a?-! cot a? — tana?H — ; — vr I * 
dx (_ sm 2a? J 

15. Let y—x?^' x ; /. log e y=sin a? log c a? ; 

dy , , dx . 

— =cos. a?oa? x log e a?H sin a?; 

y a? 

dy nSn f i sin a? 1 

^=a? Bm ‘ * j cos a? . log e x ~\ — — 

16. y=£? a * sin rx } e 035 (a sin + r cos ra?). 

17. y=e* sin m a?, J~=e* sin” 1-1 a?(sin a? + w cos a?). 


18. Let y=sec ar ; required 

y=sec a?=— — , then, by Rule 6., 

* r.ns nr? * 
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dy sin x _sin x 

dx cos 2 # cos x 


=tan x . sec x. 

cos x 


After the same manner prove the following formulae : — 
c?(versin a) 


dx 


= sm x> 


d cosec x 

3 = — cosec x . cot x . 

dx 


'R 


57 . Notation of Inverse Functions . If y—?(x) be called 
he direct function, then a?=F ~\y) is the notation expressing 
he inverse function. Hence, if we have given the inverse 
unction x=f~\y')y we immediately return to the direct 
jnction y—f[x); thus if ^=sin“ l o?, we have sin y—x ; 
herefore the expression sin ~ l x indicates an arc whose sine 
s x, and so on to other inverse functions. 

58 . Bide 13. To find the differentials of inverse trigono- 
metrical functions. 

(1.) If y=sin- ] ? then dy= —~=^ 
a va 2 — a? 2 


X X 

For if y=sin sin V — ~ ; 

* a a. 

, . dx .. dx 

.% d sm V— — ; cos y dy— ^ ; 


nnd dy- 


dx 


dx 


dx 


ax 


a cos y a Vi — sin V ~ a ' 2 


v 7 a- — a ,a * 


dx 


(2.) Ifyrrcos- 1 -, then dy= 

__ x . , dx 

For cos v=- ; .\ —sm y dy — — ; 

a a 


j __ —dx __ —dx _ — dx 

* • J /y cin « 


a sin y a^/\ _ C os 2 y ^ a 2 — x* 
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(3.) If>=tan-£ then dy=-^. 

For tan .?/=- ; sec 2 y dy=-~ ; 
° a a * a 


s . j d* 

/ . . ay= 5— = 

/ 17 a sec 2 y 


dx 


adx 


a( 1 -f tan 2 y ) a 2 -j- a? 2 ’ 


il? dx 

Similarly we have d versin - 1 -==— — , — 

7 « V2ax^a? 


H 

X ji 


and d sec - 1 - = 


adx 


a xj~&l 7^2 


In these formulas the radius of the circle is a in reference 
to the arc x ; but they are at once reduced to radius unity 
by making a= 1 ; hence we have, 

dy=d sin (1.) 


dy—d cos -1 x— 


‘ * * 

— dx 


dy=d tan -1 a:= 


. . ( 2 .) 

7+S* (3 ’^ 


Vl— x 2 
dx 


Examples, 


1. Let ?/=sin- 


.\ sin y~ 


Vl-fa ? 2 
x 


1 -f # 2 


, to find dy ; 

; differentiating we find, 


dx 


(!+**)» 


, 1 ^ dx 

• • d y --„ — x — 


COS y n+.r2Vi 
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But cos 


a °'*= V 1 -iS'inbii 1 


hence we have by substitution 

(l+a; 2 )* 1+^ 2 

Or thus, by the immediate application of formula (1), 
where we must put — - X = -.■■■ ■ . for x, and ~ - for x\ thus 

Vl+a:2 l+#2 

we have 

dy= d *™-' viy 


2. Let y=sin-* then rfy= - ^ 

The following examples admit of concise forms of solution ; 
at the same time it should be observed that they may all be 
solved by the methods given in Ex. 1. 

3. Let y^cos -1 (4X 3 — 3x)> then cos y=4x 3 — 3x; 

- H ^V> Tti 

V 

hence by Trigo. Art. 31., p.121., x = cos’!, and 3 cos- 1 x , 

o 

by formula (2), 

V 1 — a? 8 


4. Let y= sin -1 (3#— 4a? 3 ), then dy=.— = . 

= V1 -* 

5. Let y==tan~ 1 1 — ^- 2 , then d^=yq-^ 2 . 

6. Let sin -1 (2a:— 1), then dy— — *tL ==^. 

Vx—aP 
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Successive Differentiation. 


59 . In the preceding articles we have framed a system of 
rules whereby the differential coefficient of the ordinary 
f functions of x may be calculated ; this differential coefficient 
we have defined to be the limiting ratio of the increment of 
the function to the increment of the variable x, and have 

df(x) du 

designated it by the symbol or ^ where y is put for 

f(x). This symbol represents an operat ion , which is given 
for each particular form of the function in the rules already 

established; thus if y—x n , we find by decreasing the ex- 

fly 

ponent by unity and multiplying by w, that is, 

and so on to other cases. But this operation may be re- 
peated until the expression operated upon becomes zero. If 

~ represents one operation, then by an extension of the 


ddy 


d*y 


meaning of the symbol, or more concisely will 


dx 2 


dry 


represent two operations ; and generally will symbolise n 

operations ; hence this symbol is called the nth differential 
coefficient. For example, if y=x n we have 


dy 

dx 




l){n—2)x n ~ 3 , and 


dx 3 


so on. 


> >,«• / • ~r ~o % * l?L. 

Examples. 

dy 


1. I f y=eufl+x i , then ~=3aa> s -t-2x. 
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-g=6- +2 , §:=*■> - g=o- 


2. Lety=a— te 2 , then ~~ 0 = —2b. 

ax A 


3. Let y=ar 4 -}~a^-Ha? 2 4-a;-f 1, then ^—^ = 1 .2.3.4. 


4. Let y=- 2 =x~ 2 , then 
fy-- 2x -3 ^-2 3ar^ 3 4*H> 

^^=2.3.4 . hence generally we have 

i"y_ ( — 1)"2 .3.4... (ft-f 1) 
cfce" af +2 

• 5 - L «»=nb’* t «S=i^fiF ) - 

6. Let y=c-h&(:r— a)", then ^ ==w ( w ~ 1 ) • • • 2 . 1 . £. 

7. Let y=a®, then ^=log e a . a* 

dh/ 

^=!oge« • log e a • a x ==(log e a) 2 a*, and so on. 


^loge^a®. 


8. Let y—e***, then g^srmV"*. 

9. Let y^oPe*, then 

-f- #V* = (a: n + rc#*- 1 y% 
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4 n{n — 1 )#”~ 2 } e? 4 (x n 4 nx?- v )e? 


= {#" 4 2rc# n - 1 -f n(n — 1 )#”~ 2 } e®. 

10. Lety=#e c , then =(34 #)e®, and generally 

’( 1*4 i 

• |! g-<. + ^ 

In Lagrange’s method of derived functions, the symbol 
f'(x) is used in the place of and is called the first de- 


d*f(x) 


rived function ; f"(x) is used in the place of ^ 2 ~ , and is 
called the second derived function, and so on, f n (x) being 
the wth derived function, and equivalent to 


Maclaurin’s Theorem. 

60 . If y=zf(x) admits of being expanded in the ascending 
positive powers of x , let 

y — a -f bx 4 c# 2 -f d# 3 + &c. 

where A, B, c, &c. are called constants, the values of which 
we proceed to determine. 

By successive differentiation we have 
dy 

^=b 4- 2cx 4- 3d# 2 + 4b# 3 4 &c. 
d?y 

^z=2c-i-2. 3.d# 4#.4. E#*4&c. 
i d?y 

' ^=2 . 3 . d 42 . 3 .4e#4&c. 

^ &c.=6ro. 
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Now since a, b, c, &c. do not involve x, they must remain 
the same whatever value may be given to x. Make a?=0 in 

these several equations, and let (y) 0 , (^c) 9 9 ^ c * 

dy d?y . 

represent the values of y , ^ when a; is taken 0, 

then we have 

«.“• ®.- (g)= 2 °- 
••• D =(S). • ” d 


so on. 


Hence, by substituting these values of the constants in the 
assumed equation, we have 



*+ ( d<l y\ 

r Wo' 



X s 


1.2.3 


+ &c. 


This development is commonly known by the name of 
Maclaurin’s Theorem.* 


Application of MaclaurivCs Theorem to the development of 
functions . 


61 . Let y= (a +x) n ; 

then making x—0, (t/) 0 -=.a v ; 


* Adopting the notation of Lagrange (see page 94. ), this theorem y 
may be written, 

A*)-Ao )+/(©) • j+/"(0). ^L+f"(o). + I/ 
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%=n{a+ X y~\ (5) o =na-’; 

1) («+*)-* /. o =«(« - l)a^ ; 


&c.=&c. 


&c. =&c. 


Hence, by substituting these values in Maclaurin ? s 
Theorem, we have 

^ x n i n(n— 1) „ „ 

y or (a -f x)*~a m -f x -f ^ ^ — a n 2 x 2 -j~ &c., 

which is the binomial theorem.* 

62. Let y=log, (1 + aj) ; 
then (y) 0 =log e 1=0; 
differentiating by Rule 11, 


*jl- 1 . ( d y\ -i . 

dx 1+*’ *' \dx ) 0 ’ 

(i+*) 2 ’ •• UWo - s 

d3 V— 2 . /d*y\ _ 

rfx 3 (l+ar/ " UxVo _ ; 

and so on. Therefore, by Maclaurin’s theorem, 

<j»2 /jr*3 

y or log, (1 +x)=x— 2 + -g-— 4 +&C. 
Cor. Putting a;— 1 for x we have 



log, a:= (* — 1 ) - 1 (* — 1 ) 2 + ^ (a; — l ) 3 — (a: - 1 )4 + &c. 


* Although this theorem has been used in establishing the rules of 
differentiation, yet it will be instructive to see how the differential cat 
pulus may be appl ied in proving the binomial 



APPLICATION OF MACLAURIN'S THEOREM, 
63. Let y=a x ; 

then O) 0 =o°= 1 ; 
differentiating by rule 10, 

g=log e « . «*, (J)=log e a; 
g=(log e a)^, ... (g ) # =(log 4 a)- 
2=( 1 og e a)"a r , 


9 V 


WWc 


. _!_ lo ge« • * , (logc «) 2 • * 2 , (log c «) 3 . x 8 e 

.. a _1+ l —+ r - + & c . 

64. To expand si n a? and cos x in terms of th e arc x . 
Let y=sin x, (?/) 0 = sin 0~0 ; 
differentiating by rule 12, 

£ =cos *’ (‘d0 o =coaO==l; 

§=-sina;, =~ sin 0=0 : 




— cos a:, /. « — cos 0 = — l ; 


dx* 


\dx*J 0 


,nd so on ; where it is obvious that all the even orders of 
ifferentiation will become 0, and the odd ones alternately 
lus and minus, 


sin x=x~ 


x 3 


i 


x 5 


1 . 2 . 31 . 2 , 3 . 4.5 
Differentiating both sides of this equality, 

x 4 


&c. 


cos x~ 1 — - — -f* 


1.21 .2.3.4 


— &C. 
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65. Let y=sin- 1 # ; 

then by Art. 58., eq. (1), and expanding by the binomial, 

=i + i* + ^ + ... + i fe ! rrir w fe-»( 1 > 

Differentiating this equation for 2 n times, and then making 
.r=0, we shall obviously have, 

(d* n +h/\ _ 1 . 3 . . . (2n~- 1) 

W 2n+ Vo~ 2 . 4 ... 2rc 


2w(2w-— 1) ...2.1. 


Hence the general term of Maclaurin’s theorem is 

fd 2n + l y\ x 2n+l _1 . 3 . . . (2n— 1) x 2n+1 

\dx 2n+l ) 0 ' 1.2... (2n + T) 2~n . . . 2 n * 2 n+V 

Therefore taking n successively = 1, 2, 3, &c., we obtain 
the 3rd, 4th, &c. terms in the development. Moreover we 

have (y) 0 =sin- 1 0 — 0, and from eq. (1), {^\ =1, 


snHtfssaj-k-j — - 


x? 1 .3 x 5 1.3.5 

3 + 2 . 4 # 5 "^2 .4.6* 



&c. 


Developments of this kind may often be obtained more 
simply in the following manner. 

Assume y=A 0 4-A 1 scH-A 2 a; 2 4- &c. 


^^=Ai -j- 2 A%x 4- 3a 3 # 2 + &c» 


2A 


~ \ ^ 4 

Equating the coefficients in this expansion, witli those in 
eq. ^1), we have. 


Aj — 1; a 2 — 0; 3a 3 — •£, 


a 3 — ^ a^ — 0; 


5 a 6 = 


1 . 3 
2 . 4’ 


_1 . 3 1 

K *~2 . 4 ■ 5 ; 


and so on. 
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Moreover when x=0, A 0 =(y) 0 =sin- 1 O=O. 

Substituting these values in the assumed equation, we find 
the same expression for sin~ l x as that above given. 

Cor . The length of a circular arc may be readily found 
by means of this series ; thus, let the arc contain 30°, then 
sin-^^arc 30°, and 

x or sin 30=^; 

arc ^=2 + TT2 * 3~23 + 2 ' 5 . 2 5 + &C ‘ ^ 

But the arc 30° is X V of the whole circumference, s 
circumference to rad. l=r *523598 x 12 !| 

i i 

circumference to diam. 1 = 3*14159 & c. j * 


66- Let y—t&n-'x ; 

then by Art. 58 ., eq. (3), and dividing, 

— = 1 — a; 2 -f x 4 — x 6 + &c. 

dx 1 -ha; 2 

Hence we have by successive differentiation, 

= — 2x -f Ax 3 — Gx 5 + &c. 

~|=-2 + 3 . 4a; 2 — 5 . 6a* 4 - h&e. 
d A y 

-vj j = 2.3. 4a;— 4 . 5 . 6a* 3 -h &c\ 


5=2 . 3 . 4-3 .4.5. 6a 2 -h&c. 


&c. = &c. 


Now make a;— 0, then (y) 0 =tan~ 1 O=O; 

(10o =1; ijS 0 =o '’ (d)r~ 2i (dlj 0 =0; 
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*^§=2 .3.4; and so on. Substituting these values in Mac- 
laurin’s theorem, 


y—x 


2x 3 2.3. 4a^ 

2.3 + 2.3.4.5 


— &c., 


A , X x 3 ofi q 

r tan- 1 ^^ j— &c., 

which is an expression for the length of an arc in terms of 
its tangent. 

This development may also be obtained, by differentiating 
both sides of Maclaurin’s theorem, in order to derive the 
dy 

value of ^ and then equating the coefficients of this series 

dy . 

with those in the series for just given. 


67. By Art. 8. Cor . 1., we have, 

j>2 fg , 3 fjfA 

— 1 — I* x 4“ g I g 0 "f 2 g ^ *)■ 3cc. 

In this expansion put x v' — 1, and —x*/ — 1 successively 
for x, then 


, — , — . x 2 x* v / — 1 i 4 

e*^=l+xV-l-2 2 T 3 ^2 . 3 ,4 + &c - 


. x 2 x 3 ^ — 1 X* 

e—xv—\ — \—x\/ — 1 — g — I — 2 — 3 — ^2 — 3 — 4” 


■&c. 


first adding these equations, and then subtracting, &c., 

=2cosa: ... (1), by Art. 64. 

^ { *- 2 - S +S^4^- to ' } 

^2v'-l sin a: . . . (2), by Art. 64. 
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Adding (1) and (2), and dividing by 2, 

e**^=cos£t?+ a/ — 1 sin# ... (3) 

Subtracting (2) from (1), and dividing by 2, 

e~* : ' / + 1 = cosx- V~l sin# (4). 

Cor. 1. Hence from (1) and (2), we have, 

cos #= £ , 

gxVzrj er x ^ — f 

and sin x~ 

2 a/-1 

Cor. 2. Dividing the latter eq. by the former, 

tan x 1 exV “ f — ^ cv/=rl _ 1 — 1 

~ a/HI e xVrT + ~ V — 1 e 2WZI + J* 

I These remarkable formulas were discovered by Euler. 

1 1 Cor . 3. In eq. (3) put nx for #, 

cos nx-\- V — 1 sin 72#=e” a:A ^ = (^' v/ ~ 1 ) n 

^|i =(cos #-f a/— 1 sin #)", from (3). 

: This is called Demoivre’s Formula. ' 

i j 

taylor’s theorem. 

68. Let f (#) - ax 11 bx m -f cx p + &c., 

where n , m, p , &c. may represent aw^/ constant quantities, 
whether integral, fractional, positive, or negative. 

Let # become x+h, then we have, 

f (x + 7i)= a(x + h) n -J- b(x + h) m + c(x + h) p -j- &c. 9 

expanding by the binomial theorem, and arranging the 

terms according to the ascending powers of A, 

F 3 
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f ( x -{■ h)=ax n -f nax n ~' 

bx m mbx vv ~ l 
cx p pcxP~ x 
&C. &c. 


h 

1 


-f ?i(?i — l)ax n ~ 2 

m(m—\)bx m - 2 

p(p—l)cx p ~ 2 

&c. 


7/ 2 

1 . 2 


+ &c. 


Here it will be observed that the first column in the 
expansion is the proposed function f (a?) ; the second column 
is derived from the first by differentiation ; the third column 
is derived from the second by differentiation ; and so on, 
any column in the series being derived from its preceding 
column by the process of differentiation, 




, &f(r) 
1.2"*" dx? 1 


7,3 

-2T3 +& ° 


This important development was first given by Dr. Taylor, 
and hence it is called Taylor's Theorem. 

The following proof is usually given by writers on the 
differential calculus : 

69. Let y=J(x + h), where x and h are independent of 

each other, then ; the former being the differential 

coefficient of y on the supposition that x is the variable, and 
h constant ; and the latter that h is the variable, and x 
constant.* 


* Put + h, y*=f(8), then by Rule 8. 

dy _ df(s ) ds^df(s) 
dx ds ’ dx ds * 


. ds d(x + fi) dx 

because — - = - = 1. 

dx dx dx 


Again, 


dy df(s) ds _ df(s) 
dh ds * dh ds * 


, d l 

* * dx 


, ds d(.r + h) 

because = — ' = 

dh dh 


dh 

dlT 


dy ... . df(s) 

= -^, each being equal to ‘ . 
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This principle depends upon the circumstance that x and 
h are involved in precisely the same manner. The following 
illustrations will render the truth of the principle sufficiently 
apparent. 

1 . Let y=za(x+ h) n + b(x + h) m + &c. ; 

^=zna{x-\-h) n ^ x + mb(x + A) 77 *- 1 +&c. 

and + mb(x+h) m ~ l +&c. 

. dy_dy 
dx dli 

2. Let y= log e (x+h) . sin (x + h). 

Tx = %=^+h sin (*+*)+«» • l0 & (* + A > 

Let us now assume, 

fix + h) =f(x) + N/i a -h f/^ + Qk c -f &c., 


Where the quantities N, r, Q, &c. are functions of x not 
involving h, and a , b , c, &c. are constant indices which 
remain to be found. None of these indices can be negative, 

for if any one term were of the form r hr e =^ i that term 

would become infinite when h= 0, while the left hand member 
of the equation is reduced to fix). All the exponents there- 
fore being positive, they may be supposed to be arranged in 
an ascending order, that is, a>b , b>c, and so on. The first 
term, as in the assumption, must be /(a?), for when A= 0 we 
must have the equality f(x)—f{x). 

Differentiating first with respect to x, and then with respect 
to h, 


df( x + h) _ df(x) dN ha dr hb dQ kc 
dx dx dx ~ r dx dx 


See. 


df(x-\-h) 

dk 


= a N h a ~ x -1 ip h 6-1 -f c Q k c ~ l -f &c. 
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Now, by Art. 69. these two series are identical, whatever 
may be the value of h y and therefore the exponents of the 
several powers of h , as well as the corresponding coefficients, 
must be the same in both series ; hence we have from the 
identity of the exponents, 

a — 1=0, b — l—a, c— 1=6, &c. ; 

/. t»=], b=a + l =2, c = 6-|-l=3, &c 


and from the coefficients, we have, 


df(x) , ch$ dp * 

aN ~ ~~dT' bP ~ dx’ CQ_ dx’ &C> 5 

• 1 d\f(x) 

•* dx ’ *«*c~1.2 dx 2 ’ 




=—o— and so on - 


1 

dx ~~ 1 . 2 . 3 


• f (x I I A , A2 I ***'> h3 , ‘ 

..U* + A)-/W + dx j+ A j- 1 .2 + dx 2 T7273 + J 


Or adopting the notation of Lagrange (see page 94.), this 
theorem may be written, 

f(x + h)-f(x) +f(x) A +/"(*) J ” +/ / "(^) ] — 2 ~ 3 + &«• 

Putting ?/ -/(a?), and ^ =/*(#+ A), this theorem may also 
be written, 


„ , fy h ,<Pj/ dy h 3 

2,1 J+ dx 1 ' (h? 1 .2 + <h? 1.2. 




Taylor’s theorem will give the expansion of f(x + 1i) in all 
cases, so long as x retains its general value ; but particular 
values may be given to x 9 in certain functions, which will 
render some of the differential coefficients infinite ; in such 
cases the theorem is said to fail in giving the development 
according to the ascending integral powers of h . 

Maclaurin’s theorem may be readily obtained from Tay- 
lor's, by making a:=0, and then putting x for A. 
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Application of Taylors Theorem. 

70 . To expand ( x+lif by this theorem. 

Lety=:c 3 , then ^- — Sx 2 , ^|= 6 . 

dx cL 6 - dx 6 

Substituting these values in Taylor’s theorem, 

„ - v+ i» h i hi . dh J hi | 
y '~ y+ dx l + <& 2 1 . 2 + cfo 3 1 . 2 . 3 + & 

/, A 2 A 3 

y,=(a: + /t) 3 =* 3 +3x 2 | + 6.r — ^ + 6 j—g— ^ 

=a^ -f 3a? 2 /* -f 3a ?/* 2 -f A 3 . 

71 . To expand sin (a?-f /*). 

•j. . , dy d 2 y . efh/ 

Let y=sm x , then -~ = cos a:, -~=-sm a?, =—cos x. 
* dx dx 2 efo 3 

d^u 

^ = sin a:, after this the values recur. Substituting these 

values in the theorem, 

, dy h d?y h 2 d?y h? 

Vl ~ y+ dx l + dx* TT2 + 3^3 1 .2.3 + &C ' 

• / , j\ • i h . h* h? 

y t = sin (a?-f /*)=sin a?-f-cos a; T -sm a? r — cos a ?- — 5 

I 1 . J I . J • u 


■f sin x 


hS 


1 .2.3.4 


4 - cos x 


h* 


1.2...5 
&c. 


-&C. 


=sin * { 1 “ 17 ^ + IT2T3T4 ~ &c - } 

+ C ° 8 X{h~^- + - ^ -& C , }. 


When a?=0 this expression becomes the same as that 
given in Art. 64 . 
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Similarly cos ( x+h ) may be expanded. 
72 . To expand \og e (x+h). 


Let #=lo g c x, then 


dy _ 1 (fly ^ 1 d 3 y__ 2 

dx~~x* dx 2 ~~ x 2> dx*~~ xP 


d i y_ 

dx*~~ 


2.3 
ar 4 ’ 


&c. 


i 


.Mog < (*+A)=log < a f +*-g+|i-&c. 

73 . To determine a series for the calculation of loga- 
rithms. 

In the preceding series, let a?=l, then log e a:=0, and 
log e (l+0=*-f +f-'*-+&c. ... (1) 

This series is of no practical use in the calculation of 
logarithms, since it obviously becomes divergent when A 
exceeds unity. 

Changing h into —A in this series, 

Iog e (l-A)=-A-^-^_^ + &c. ... (2) 


Subtracting (2) from (1), we have, 

los <ra) =2 { i+ ? + ? +fc }-‘ 3 > 

In order to render this equation convergent, put 


_1 

2xT 1 


for A, then 


1 +h _jc + 1 
1 — x 


tog, (i±i)=to s .(x+l)-l»g.*=2 + ) 

}■ 


l°g« ( & -f 1 ) = 1 • >g t , X -f 


2-f . 


1 2x + l~ t 3(2x + iy» i “5(2ar+ if 
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A series of considerable convergency, which enables ns to 
calculate the logarithms of numbers by means of those which 
immediately precede them. For example, if #=10, then the 
first four terms of the series will give the value of log c 1 1 
correct to ten decimal places. Other series have been deter- 
mined which are still more convergent. 


Vanishing Fractions . 


74. The substitution of a particular value for x, in a frac- 
tion, sometimes makes both the numerator and denominator 
vanish ; such fractions are called vanishing fractions. Tlius 

-%—t becomes ^ when x—l ; however, we have by division 
x 2 — 1 0 J 

x—\ 


* — 7 = — when x—l, therefore }< is the true value of 
x 2 — 1 #+l 2 5 . 2 

the fraction when x—l. Here both numerator and denomi- 
nator vanish when x—l, because they both contain the* 
factor x—l, which becomes 0 when #=1. In like manner 


(a 2 — # 2 ) 5 (a — x) 
(a — #)*-f (a 2 — x 2 Y 


=-, when x—a, 


but dividing numerator and denominator by the common 
factor ( a—x'f, we have 


(a + xy + (a—x)^__ V 2a 
\+(a + xf ~ 1 + ^ / 2a 


when x—a. 


Thus by an easy algebraic process we may frequently find 
the value of a vanishing fraction ; the method, however, de- 
rived from the differential calculus is more general, and in 
many difficult cases much more simple in practice. 

fraction which becomes ^ 


Let u—' 


/(*) 


f(#) 


be a vanishing 


when x—a. 
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'fM 


MF(«)=/(a:); differentiating by rule 5, / 
, ' du dF(x) df(x) 

r «s +“-s-=-ar> 


but f (#)=() when x—a> 


dF(x)__ df(x) 


df(x) 

dx 

Z dF(xy 

dx 


lienee we have the following rule. To find the value of a 
vanishing fraction, divide the differential coefficient of the 
numerator by the differential coefficient of the denominator, 
j and then substitute the given value for the variable. Should 
it be found, after this process, that the fraction still vanishes 
l the process may obviously be repeated until the fraction 
ceases to have the vanishing form. 


Ex. 1 . Find the value of w = 


, when x—1. 


x . xiuu me vuiuc ux u — ^ j ^ , mica ^ — x - 

Here the differential coefficient of the numerator is Sx 2 ; 
and that of the denominator 3.r 2 + 4.z— 1, 

3*2 1 

••• “=3*H^l=2’ when X==h 


x 3 + 3a ? 2 — 4.x — 1 2 
x 2 —2x 


=5, when x—2. 


1 ~ x n 

3. u=-z — n when x—1. 

1—x 

4. Find the value of u — when x— 1. 

+x 2 


Here it will be necessary to differentiate twice. 


The result of the first differentiations is 


_&r 2 — 2#— 1 
4 x 3 — 6x 2 + 2x' 


6#__2 

and that of the second ^ 9*2 _ \ 2 ^fo = ^ = u > w ^ en *=!• 
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5. The sum of tjie series a?-f-2a? 2 -h3a? 2 -K . .-j-rca? n , is 

a?— (rc + 1) af+M-naf 4 ' 2 . , .. , , , 

= - -^r r= ; required its value when a?=l. 

(1 — x ) 2 

By two differentiations we find w =: ^ . 
x— a? 2 "* 1 


6 . 


»-=w, when a?=l. 


1 — a? 2 

3a? 2 — 6x + 3 3 


7 - M =a e »-4i+2=2* when * ssL 

d x fox 

S. Find the value of , when a?=0. 

x 

Here the differential coefficient of the numerator is 
L log e a—b x log e b ; and that of the denominator is 1 ; 

,\ u— d x log e a — b x log c b=\og e when a?=0. 

e* e a , 

9. u— when x—a. 

x—a 

10. u= ~~ — — 0, when x— 1. 

11. u== a -~ .=3q, when a?=<z. 

a— a 2 a? 5 

12. Find the value of #= c ? s , Qa: ~ . ^ Q ? . f z ? when x~l, 

1— x 2 

Diff. coeff. num r .= -« sin ax. 

„ „ deno r .= — 2a?. 

— a sin ax a sin a 


w= 


—2a? 


, when a?=l. 


13. u =~ — when z=0. 
a?log e (l -fa?} 

After two differentiations we find 
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TANGENTS TO CURVES. 


75. To draw a tangent to 
curve apq referred to the 
rectangular axes ax and a y. 

Let pt be the tangent, 
cutting the axis of x in the 
point T, then by Art. 32. we 
have 


given point p of the plane 



tan ntp=^ (1) 

dx ' 


In order to draw the tangent pt it is only necessary that 
we should find the point T, or the distance n t which is called 
the subtangent ; for this purpose we have 


dt/ 

tan ntp x NT=NP, Or^XNT=7/, 


nt or subtangent -y-^ 


dy 

dx 


.(2) v 


The length of the tangent is found from the equation 
pt= a/nrS + nt 2 . . . . (3) 

If pg be drawn perpendicular to the tangent at p, and 
cutting the axis in g, then pg is called the normal and ng 
the subnormal. 

Since Znpg = Zntp, 


,\ ng or subnormal=NP x tan np G=y x tan ntp 




dy 

dx 


■ ( 4 ) 


The length of the normal is found from the equation. 



TANGENTS TO CURVES. 


Ill 


pg or 


normal= Vnp 2 + ng 2 = y*+y*^j^ 


Examples. 


1. To draw a tangent pt to any 
point P in the parabola. 

From the equation of the curve 
Art. 19 ., 

y 2 —Aax ; 

hence by differentiation we have 
2ydy=4adx, ; 



substituting in eq. (2.) Art. 75 ., 
2a 


nt =y 


2a y* Aax _ 
=y+-77 : = =2 x=2on. 


y 2a 2a 


Thus it appears that the subtangent nt is equal to twice 
the abscissa on ; and ot=on. 

Again from eq. (4.) Art. 75 ., we have 

dy 2a n 

N G—V . -f~=y . — =2a=2oF. 

ax y 

From this, we learn, that the subnormal is a constant 

quantity, being always equal to twice the distance of the 
focus from the vertex of the curve. 

2. To draw a tangent to any point in the circle 
APjDMj. (See Jig . p. 16.) 

Let a be the origin of co-ordinates, an=#, and NP,=y, 
then by Art. 18 . Cor. 1. 

v'-2 rx-x* • d y~ r ~ x . 
y -srx x, .. 
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substituting this in eq. (2.) Art. 75., 


, _ r—x_ ?/ 2 2rx—x 2 ^ 

y ~ T _ X ~ r __ r *' Y— 

v i 

3. To draw a tangent pt to any point £ in the ellipse 
acdm. (See jig. p. 16.) 

Taking a as the origin, an =ar, and np we have by 
\Cor. 1. Art. 20. 


] y"— b -(2 ax-x>\ * 

" dx~ay y ' 

substituting in eq. (2.), Art. 75. 




-.r 

NTrry-r^. = . o7 17 c: 

* a 2 y b\a—x) 


2ax — x 2 / 


Here it will be observed that as the value of nt is inde- 
pendent of b , it will remain the same whatever may be the 
magnitude of axis ; hence it follows that if a 
circle aPjDMj, or any ellipse, be described upon the major 
diameter ad, and the ordinates Nri'j be drawn cutting the 
curves in the points p and p 1? then the tangents pt and p,t 
will intersect the axis in the same point t. This property 
gives us an easy geometrical method for drawing a tangen 
to any point in a given ellipse. 

4. To find the subtangent and subnormal in the cissoid. 


Here by Art. 23 . the equation to the curve is 


y * 


X 2 

2^x ; 


hence by differentiation, 


2ydy-- 


x 2 (6r—2x)dx m dy__x 2 (3r - x) m 


( 2r—x )- ’ dx y(2r— xj* 1 

substituting in eq. (2.) Art. 75., we have 

, . , dy x\2>r — x) y\2r-xi 2 

= ~3r^ ^7 ® ubstitutin § ^ or y 1 ' 
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dy x 2 (S r — x) 

Subnormals y . = fCi -r«- 

* dx (2 r—xy 

5. To draw a tangent to the point p in the cycloid. (See 

fa P- 21.) 

Let on so?, N an< l BD = 2r, then by Art. 25., 

_ jiv,. 

2~arC PB — PR, l — ' y 

but arc PB=r versin^ 1 — , and pr= v'br . rd= v' 2ry—y\ 

■ , . _ 
vers in -1 — \ / 2ry—y‘ l ; V 


differentiating by 13, &e., 




i; V^> 

_ 7y/?/ (r — y)dy u 


dx— — , 

V2ry— y 2 *S2ry—y 2 a/2 ry — ?/ 2 

dx y di/ S2ry — y* 

; 7bj =-* 7 ~ or ; = — see Art. 53. 

v2 ry—y 2 dx y 


1 


which is the differential equation to the cycloid. Substi- 
tuting this in eq. (4.), we have 

subnormal = 3 / . ~= *J2ry— y 2 =PR=NB. 

Hence the chord rn is perpendicular to the curve ; and 
as the angle formed by the chords bp and pd is a right-angle, 
pd is the direction of the tangent to the point p of the 
cycloid. 

6. The equation to the cubical parabola is, y^—px. 

Show that the subtangent =3x, and subnormal 

2rx 

7. In the witch (see Art. 22.) the subtangent = 


and subnormal— — 


4r* 



114 


DIFFERENTIAL CALCULUS. 


8. In the curve whose equation is y~ + ~ -%> the sub- 

1 y X* 

. x( 1 — X 2 ) 
normal= (1 - x ^ 3 . 


Asymptotes to Curves . 


76 . Asymptotes are tangents 
to the curve at a point which 
is at an in finite d i stance from 
the origin. Thus if ck be a 
tangent to the curve Arp 1? at 
a point infinitely distant from 
the origin a, then CK is 411 asymptote ; which may he drawn 
when the values of a c or ad are finite when x and ?/, or x 
or y are infinite. 

Ex . 1 . To draw an asymptote to the hyperbola. 



Here Art. 21., yz=z-V2ax+x\ 


dx a 


n+x 

V2ax+x* ' 


Hence by eq. (2.), Art. 75 ., we have 

b a + x 2ax + x 2 

NT—?/-: — — : j 

a \/2ax + x 2 a + x 

2 ax+x 2 a 

/. AT=NT — AN= : 

a+x j a 

x 




From the similar triangles tav and tnp, we have 
np.at ax 2ax.+ x 2 b 


AV=- 


NT 


-=y ■ 




2 “ + i 

X 


a+x a+x 

Now when x is infinite, AT=a, and A v=A Hence take 
AC=a, ad=£, and join cd, then CD produced is the asymp- 
tote to the curve. In this case the asymptote passes through^ 
the centre c of the curve. t > r* - 
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2. Draw the asymptote to the curve, whose equation is 


Here we find 




_a , (l-4-a? 2 ) __ 2x 3 2 

AT --i~ t~- x -jzr X 2- i i ; 


. NP.AT 

and av = = 


NT /I _V 

<? +i ) 




Therefore, when x— oo, at = at, and av=0. The latter 
result shows that the asymptote must pass through the 
origin A ; while the former result shows that the asymptote 
does not cut the axis of x ; that is, it must coincide with this 


The method, given in these examples, is sometimes diffi- 
cult of application ; the following may he frequently used 
with advantage. 

Let (if possible) the equation of the curve be put into the 
c d 

form -4- — 4- & c., then as x increases the terms 

^ x x z * 

after b decrease, and when #=oo they vanish, leaving the 

equation y~ax + b for the infinite branch of the curve. But 

this is an equation to a straight line CK (see last fig.), 

cutting the axis of y at a point and forming an /.c, 

such that tan (See Art. 14.) Thus it appears that 

the infinite branch of the curve coincides with the straight 

line ck represented by the equation yz=zax + b. 

3. To draw the asymptote to the curve, y 3 = x 3 x 2 . 

Taking the root, and expanding by the binomial, 
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When a? = 00 , we have y=x - for the equation to the 
asymptote. Taking x=0, in this equation, y=^ ; and taking 
y — 0, x= — hence it follows that the asymptote cuts the 
axis at an angle of 45° at the distances ad=ac=^ from the 
origin. 


4. Show that the extreme ordinate bc (see fig, page 20.) 
•is an asymptote to the cissoid. 

5. Show that the curve, whose equation is y= r - , has 

• #—1 

an asymptote which cuts the axis at an angle of 45°. 


Equation to the Tangent , 

77. Let pt be the tangent (see fig, page 110.); np=^, 
an— a?, the co-ordinates of the given point P of the curve; 
and x / and y y , the co-ordinates of any point in the straight 
line p t ; then we have, by Art. 16., for the equation of this 
* line 

y,-y-a(x-x). 


where a=tan ntp ; but by Art. 32., ^=tan ntp, 


a=~ ; hence by substitution, 

y-y • ■ • o)» 


which is the equation to the tangent p t. 

Since the normal pg is drawn at right angles to the 
tangent pt, 

1 dx 

tanPGa:=-cot ntp= — =~t» 
a dy 

hence the equation to the normal pa is 

dx , x ~ v 

y-y=— d y ■ • • ( 2 ) 
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Examples. 

1. To find the equation to the tangent pt in the ellipse, 
the centre c being the origin. 



substituting this in eq. (1.) Art. 77. for the tangent, 

b 2 x ( 

b 2 b 2 b 2 

|V'. yy-y*=tf&--2** l =v-y' l -- i xx,' 

I' aP-yy, + b' i xx / —a 2 b ' 1 . . . (1) ” 

which is the equation to the tangent pt, where the variable 
co-ordinates are y / and x r 

Cot . 1. Make y,=0 in this equation, then we find 

l a 2 CD 2 „ 

X or CT = — = , .\ CT.CN— CD**. 

\ * .r r.\ 
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Cor . 2. Make a? y =a, then we find 

/** a?b 2 —b 2 xa b 2 (a—x) 

V y, or DDj= = = — ' ; 

v 1 a 2 y ay 


again, make # y = — a, then in like manner, 

Z> 2 (a-h#) 


v 


y, or A A,: 


£> 4 (a 2 — x 2 ) b\a 2 —x 2 ) , 9 9 

AAj . DDj= — - — 9 -« — o)-o 2(=6 2 = CB*; 

1 1 a 2 y 2 b 2 (a 2 —x 2 ) 


A A, «-f-r__AN 

DDj a — x dn’ 

therefore, if a x n and D t N be joined, the triangles aAjN and 
DD|N will be similar, and therefore the lines a^ and iqN will 
form equal angles with the axis A d ; 


, AAi AT AN AT 

also - = — ; /. = 

DD l DT DN DT 


/, AN . DT = DN . AT. 


Cor. 3. The equation (1.) to the tangent may 

b 2 x b 2 

y ,— — o — • 

a 2 y y 


uc wintcu 


— . b 2 x „ „ 

Let m= 5- ; m 2 a 2 ~ 

a 2 y 


b 4 x 2 
a 2 y 2 y 


•*. * 2 «*+ i2 =^+* 2 =^{^ 2 +«v}=p ; 

b 2 

.% Vm 2 a 2 ^-b 2:= — ; substituting these values, 

y 


y 4 =zmx i + V m 2 a 2 + b 2 . . . (2) ; 

where m must be the tangent of the angle which the line 
makes with the axis of x . This form of the equation to the 
tangent is often convenient in the solution of problems. As 
an illustration of its application, let us take the following 
problem. 
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Prob . Pairs of tangents to an ellipse intersect each other 
at right angles ; required the equation to the curve passing 
through the points of intersection. 

Here we have for the equation of one of the tangents 

y=:mx+ m 2 a 2 -\-b 2 , 

y 2 —2mxy -f m 2 x 2 = m 2 a 2 -f b 2 ... (1) 

Since the other tangent is at right angles to this, we shall 
obtain the equation to the former from the equation to the 

latter by substituting — ^ for m, 



m 2 y 2 -\-2mxy+x 2 —a 2 -\-7n 2 b 2 . . . (2) 

Ling (1) and (2) and reducing, we have 
x 2 -\-y 2 ~a 2 + b 2 , 

which is an equation to a circle, whose radius = a 2 + b 2 , 
and centre the same as that of the ellipse. 

2. To find the equation to the tangent pt of a parabola. 
(S eejig. page 111.) 

Herey 2 =4ax, ^==— ; 

* ax y 

substituting this irf the general eq. (1.) of the tangent, we 
have 

2 a f x 
(*✓-*)> 

which is the equation to the tangent pt; or eliminating y 2 , 
we also have 

W / =2a(* / +«). 

Also by the general eq. (2.), the equation to the normal is 

y,-y-- £(*,-*)■ 
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3. Show that the equation to the tangent in a hyperbola 
is, fi 2 yy, — b 2 xx^ — a 2 b 2 , taking the origin at the centre c. 

4. Show that the equation to the tangent in a cissoid is 

x \ 

1 / y,= — :» {(3r— ar) x-rx \ . 

(2r — a") 2 


Inclination of Curi'es and Tangents. 

78. The angle which a curve makes with its axis is ob- 
viously the same as that which the tangent mfikes. 

Therefore ^ is also equal to the tangent of the angle 

which the curve makes with the axis of x. 

Ex. 1. Required the angle at which the parabola cuts the 
axis of x at the vertex. 


Here 


dy 2a . . . 

- = — = tan inclination to axis x; 
dx y 


but when y=0, — = oc =tan 90°, therefore at the vertex 

y 

the angle is 90°, that is, the curve at the vertex is per j >tn- 
dicular to the axis. 

2. At what point in the ellipse is the curve parallel to the 
axis of x . 


Here by Ex. 1 ., Art. 77., 

dy b 2 x . 

0 . ~=tan 0, when x=0 ; 

dx a 2 y 

that is, the curve at the extremity of the minor axis is parallel 
to the major axis. 


3. Let y= — - 2 be the equation to the curve. At what 
A T & 

angle does the curve cut the axis of x ? 


dy 1— x 2 


= l=tan 45°, when r=r 0, and yz= 0 j 
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therefore the curve cuts the origin at an angle of 45° to the 
axis. 


Points of Contrary Flexure . 

79. Definition . A point of inflexion or contrary flexure is 
n point where a curve passes from concavity to convexity, or 
from convexity to concavity. 

ct aspq be a curve, concave 
from A to p, and convex from p to Q, 
then P will be a point of contrary 
flexure. Draw the tangents sk, pt, 
and qv to the points s, p, and Q; 
then if the ordinate? SR move from a 



along am, it is evident that the angle skr will be decreasin'/ 
until sr comes to the position pn, but after this the au/h* 
will be increasing; thus the angle ptx is less than either of 
the angles skr or qvm. lienee it follows, that, at a point 
p of inflexion the angle ptn, and consequently its tangent, 


(]»! 

or : , must be a maximum or a minimum, that is, we shall 
ax 3 

(f^jl 

have _ ■'=() or x, at the same time observing the criterion 

(U ■- - 


given^in Art. 50. 

The curve is concave from A to r, and here we observe 

that the angle skr is decreasing, and consequently its tan- 

dt/ . , . _ cPu . . . . . 

gent, or is decreasing ; that is, is negative ; and this 

takes place throughout the concave curve ap. (See Art. 48.) 

In like manner, it may be shown that ^ is positive from 

P to Q, where the curve is convex to the axis of x. This 
change of sign from -j- to — , or — to H-, is the most direct 
indication of a point of inflexion. 

Ex. 1. Required the point P of contrary flexure in the 
curve A PQ, whose equation is f/~2(.r— a) 3 . 

~=6(.r— a) 2 , and y''=12(x- a) ; 
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12(«— a)=0, and x=a ; 


/. take AN = a, and the ordinate np will cut the curve in the 
point p, which may be that of contrary flexure. To assure 

du 

ourselves of this, we observe that or 6(a?— a) s , is de- 


creasing as wc augment x up to a y and on the contrary ~ 

is increasing as we augment x above a ; therefore the curve 
is concave from A to p, and convex from p to Q, and hence p 
is the point of contrary flexure. Or we may also observe 

({2y 

that for all values of x less than a, the value of or 


12(.r —a) s is minus, and, on the contrary, for all values of x 
greater than a it is plus ; hence, &c. 


Also tan ptn 


dy 

dx 


=6(x— a)* = 0, when x—a , 


therefore the tangent at the point of contrary flexure is 
parallel to the axis am. 

2. The equation to the cubical parabola is a 2 y=x*. 

dy _ 3r 2 1 d : y _ 6x 

#% ~dx~~~tf' dx 2 ~~a 2 ; 

Sx 

•\ - u =0, gives #=0, 

lienee the contrary flexure, if any, must take place at the 
origin. 

In the equation when 

x is plus, y is also plus ; and 
when .r is minus, y is also 

minus ; therefore the curve con- ' 

si sts of two identical branches, 

as shown in the annexed cut. 

dy 3x* ... , 

JNow 18 ^creasing as a: f 

is being increased, therefore the 

riftlit Lmr»/*Vi mn"f tn nrm tv - 
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the axis of x\ and from the identity of the two branches, 
the left branch must also be convex to the same axis ; 
therefore the curve has a point of contrary flexure at the 
origin. 

Or we may arrive at the same result, by observing that 
the value of is minus when x is minus, and plus when x 
d 2 ?/ 

is plus; that is, ^2 changes ^ ts s ^S n as ,T P asses through 0 


80. TRACING OF CURVES. 

Ex. 1. Required the form of the curve, whose equation is 
y=x(x + 1) (j-f 2)==# 3 -f 3a ,2 + 2;c. 

(1.) To find where the curve 
meets the axis a*. 

When y= 0, we have 
ar(*+l)(* + 2)=0 
.\ £=0, —1, or —2; 

therefore the curve must pass through the origin a, also 
through o, and k ; where ao= 1, and ak = 2. 

(2.) To find y for particular values of x. 

For all positive values of x, the values of y will be posi- 
tive (which will be shown by substitution in the proposed 
equation); hence the curve e xtends t o iqfipity in the right 
branch ag. 

For all minus values of x less than AO or l, the values of 
y will be minus ; hence the curve from A to o lies below the 
| axis of x. 

j For all minus values of x greater than ao, and less than 
i ak or 2, the values of y will be positive ; hence the curve 
l from o to k lies above the axis of x. 
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For all minus values of x greater than ak or 2, the values 
of y will be negative ; hence the remainder of the curve ke 
extends indefinitely below the axis of x. 

(3.) To find the inclination of the curve at the points 
a, o, and k. 

tan /. inclination = ~ = 3a? 2 + 6x + 2 ; 


when x= 0, tan L at a=^= 2, L at a=63° 26'; 

whena?= — 1, tan Z. ato = ^= — 1, L at 0= 135°; 


when x— —2, tan Z. at k = 


<*!/_ 

dx~ 


2 , 


L at 63° 26'. 


(4.) To find the points in the curve which run parallel to 
the axis of x. 

In this case, the angle which the direction of the curve 

di/ 

makes with the axis of x must be 0, therefore -j must be 0, 

.\ 3x 2 + 6x-f 2=0, whence x= — lHr a'J ; 

/, take an=1—a/^, and at=1 + a/J; and the ordinates 
np and tv will cut the curve in the points required. At 

( these points the ordinates obviously attain their maximum 
values. 

(5.) To find the points of contrary flexure. 

H ere ^ 2 “ 6a?-f6 =0, x=-l, 

therefore there is a point of contrary flexure at o. 

2. Required the form of the curve whose equation is 
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(1.) To find where the curve 
meets the axis of x. 

This is readily done by finding 
the values of x corresponding to 
y— 0; thus we have 

#(# 4 - 1) 2 = 0, .% #=0, or —1 ; 
hence the origin is a point in the 
curve ; take A i = 1 , then I is 
another point. 

(2.) To find y for particular values of x. 

For all minus values of x, the values of y are minus ; 
therefore the left branch lies entirely below the axis of x . 

For all positive values of x , the values of y are also 
positive; therefore the right branch lies entirely above the 
axis of x. Moreover when x=l, y= cc ; hence take ab=1, 
and draw ijg perpendicular to ax, then the curve tends 
continually towards bg. But when x is taken greater than 
1 or ab, the curve reappears in the form fk; and when 
«r= oo, we also have oc, that is, the curve here branches 
off to infinity. 

(3.) To find the asymptote to the curve. 

y ~ + 4 + by division; 

y=zx + 4, is the equation to the asymptote. 

To construct this line. Take x=0, then y— 4 ; take y=0, 
then x=— 4; take ad=4, and ac = 4; join dc, then this 
line produced is the asymptote to the two branches i R and 

PK. 

(4.) To find the inclination of the curve at the points A 
and i. 

Differentiating the proposed equation to the curve, 

dy a? — 3x 2 — 5x— 1 , . . 

if — =tan ^ inclination 
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when x— — 1, tan /_ at i=^=0, /_ at i=0, 


that is, the curve touches the axis of x at i ; 


when x=0, tan L at A =^=1, 


L at a =45°. 


(o.) To find the points of contrary flexure. 


Differentiating the value of 


dy 

dx 


above found, 


d 2 ?/ 
dx 2 


8(2x+l) 


which must be taken 0 or oo ; 


then 8(2x-p 1) — 0, x= — ; 


therefore a point of contrary flexure takes place between a 
und i at the distance l from a. To assure ourselves of this, 

d^t/ 

we observe that minus values of x less than l render - * 

J dx 1 

plus, whereas minus values of x greater than \ render it 
minus. 


3 

3. Let y=(x 2 — l) 2 be the equation to the curve. 

Then when y = 0, x = + 1 ; 
lienee take ab= 1, and ac = 1, 
then n and c are points in the 
curve. When x is less than +1, 
the value of y is impossible ; there- 
fore the curve does not approach the* origin a marer than n 
or c. But for all + or — values of x greater than 1, the 
values of y are possible, and arc cither plus or minus ; lienee 
the curve extends indefinitely above as well as below the 
axis of x. When the curve runs parallel to the axis of x, 
we have 



dx 


= 3(a=-l)’=0, 


X= + 1 ; 


therefore the right hand branches touch ax at b, and the left 
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hand ones at c, that is, they meet in a common tangent, bc, 
without intersecting. Singular points of this kind are called 
cusps . 

4. Show that the witch has two branches symmetrical with 
respect to the axis of x, that the axis of y forms an asymptote 
to the curve, and that there are two points of contrary flexure 
*6r 

at the distance a?=vr from the origin. 


TIIE INTEGRAL CALCULUS. 

INTEGRATION. 

81 . Integration is the converse of Differentiation ; thus as 
the differential of ax 3 is 3 ax 2 dx, so the integral of 3cu L> d>t is 
ax 3 . The primary object of the Integral Calculus, therefore, 
is from a given differential expression to find the function 
from which it has been derived; this process is called In- 
tegration, and the symbol (/) by which it is represented, is 
consequently the converse of the symbol ((/) which represents 
differentiation; thus J(dy)—y, and generally if df(x) is tle. j 
differential of f{x), then J\df(x)} = f (a*) is the integral of 

Since 4 ax 3 dx is the differential of either ax 4 or ax* c, 
where C is a constant, it follows that the integral of laofidx 
is generally expressed by 

JAax?dx= ax* -f c, 

where c is called an arbitrary constant, the value of which 
remains to be determined from the peculiar nature of the 
problem. 

Since the integral of any given differential expression 
is the function from which the given expression is ob- 
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tained by differentiation, it follows that we can integrate 
those functions only to which we are led by differentiation. 
The method to be pursued in integration may be resolved 
into two divisions: — I. To derive certain elementary rules 
or f orms of integration from a simple inspection of the results 
of differentiation. II. By various artifices to bring the forms 
of other functions to be integrated within those so de- 
termined. 


Elementary Rules of Integration . 

82. Rule 1. A constant multiplier is not changed by in- 
tegration ; and hence, in a differential expression, it may be 
written without the sign of integration : thus Jdx 2 dx~ajx 2 dx 

ax* 

3 


Since d [af(x)} =adf(x) ; 

83. Rule 2. To integrate ax n dx , where the index n may 
be any number except — 1 ; add unity to the index, divide 
by the index so increased, and the differential of the variable. 

{ ux" * i "I 
--+C > ~ax”dx 

n + 1 J 


faa?dxz=. 


ax n+l 
n- 4- i 


+ c. 


Examples. 

i 

]. J%3?dx— +c=2r 4 + c. 

2. fdax 2 dx— ^ ■pj- + c—2ax 9 + a. 
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S. fx'dx—^ + c. 

D 


4 / k'x xdx=fx^ dx=~ -f c=^f- *4-C. 

ir 


2x? 


/<7x r -i y 3x? 

v;r /l ' &= T +c - 

_ Cdx — j . rr-^ +1 x“ ;i 1 

dx ~-i + l~ '3 “ 3 Jr 3 ’ 


7. Required the integrals of the following expressions, 

adx 3 2dx 
o.rVZr, 2axdx, “7-, 2x* e£r, — 
v x ar 

^Iwm’ers, x 5 , ax 2 , 2ax^,-^-, — 

/ x 

84. 7?a/e 3. The integral of the sum of any number of 
functions is equal to the sum of the integrals of the several 
functions. 

Since dj{x) -f dv{x) 4- &c.=t/{/(x)4~F(x) + &c.} 
f{df{x) -f <Zf(x) 4- &c.} =/(x) 4- f(x) 4- &c. 


Examples. 

yA 

1. f(6ax 2 + x*)dx=:f6ax 2 dx±J x 3 rfx=2ax 3 4- -j- 4-C. 

2. afdx-f2x-Mx=^-^ + 4* + c. 


• In all the examples hereafter given, it must be understood that the 
arbitrary constant c is always to be added, although it may not in all 
cases be printed. 
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3. Required the integrals of the following expressions : — 
-J-8.1 ?)dx, (a + bx + cx?)dx, (1 + b \/x)dx, (x?—x^)dx> 

(or -2 4- 2 x)dx , ~~ — Answers, x -+- 2 x*, 


lx 2 , ca? 4 2bx' i ar 4 — 3a? 5 
f/Z -j-— { — 27 -j- — 




1 6 aa ?— 2 


a? 2 * 


4. /’(a + x 2 ) 3 x 2 dx=f(a 3 4- 3a 2 a? 2 -f 3aa^ *f xP)x 2 dx 
=^a 3 a? 3 + Jo 2 # 5 + yO# 7 + Jx 9 . 

o. /(I -f-a , ) 2 a? 3 e/a?=^a? 4 -f f a? 5 -h ^a^. 

i 85. Rule^. To integrate a {/(a? )} n df (x), where d/(x) is 
rtlie differential of the root. Add unity to the index, divide 

'by the index so increased and the differential of the root. 

£ 

Since, by Art. 43.. d = a (/U)} n dJ\x) ; 

'■./a[Ax)}'df(x)=<^\—. 


Examples. 

].j (x + ax-)" (1 +2ax)dx = ; here it will be 

n -f" l 

observed that (1 -\-2ax)dx =. d(x + ax 2 ), or the differential of 
the root. 

2 . j(l 

J ^ ' (n -t 1 ) x mx’*~ l dx ?;/(// 4- 1 ) 

3. f(a 4- bx 4-ca? 2 )" (b 4- 2 cx)dx = — — - (a 4- bx 4- c* 2 )" + 1 . 

w 4- 1 

l </ ♦.* 
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5. 


/(I — x*)^x z dx 


(1 — xrfaPdx 

•J x ( — 4 x 3 dx) 


ac 1 -* 1 )* 


„ f* x z dx 1 

(ci'-x 4 )*- 4(a 4 -^)* 


-1 

% r l H-a? 


8. Integrate the following expressions, (l+,r)W, 

(l+3* 2 )^r<£r, (1 + 2z -f 3a: 2 ) 3 (2 -f 6x)dx, (l-2x)~”dx. 


Answers, §(l+x){ - , J(l+2x + 3-c 2 ) 4 , 

1 

2(»-lXl-2x)- 1 ’ 

Expressions which do not appear in the form for the 
direct application of this rule, may sometimes be brought to 
that form by an easy reduction. 


9. r ^ p/ 1 — T =zf(xr* + \)~^xr*dx 

t/ ^(l+jr 3 ) 2 «/ 

_(x~ 3 + l)^r~ 4 ^_( k r“ 3 — 1)3 __ (l-bx 3 )^ 

3ar 4 >t« ~2 “ 


10 , 


/• dx 

J (l+x 


(1+x 2 )* ^l±x 2 


11 


•/; 


dx 


(1 +afyr ^ 


12 . 


/, * 


V'Sa.r— a* 2 


* V2ax— x 2 ax 

integration, in this case, is (2aar l — l)Hr“ 2 <ir. 


; the proper form for 
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13. /V^==2 A / 1 _1. . 

J V * > 

P dx _ / * x~ z dx (1— a? 2 )i 

J (ar 2 -l)i~ * 

86. o. When the numerator of a fraction is the dif- 
ferential of the denominator, the integral of the fraction is 
the logarithm of the denominator to the base e. 

Since d log c z=— ; 


•/ 


r dz . 

“=log c z + C. 


Examples. 


here 2axdx is the differential of 1 -far*. 

. Px n -'dx 1 Pnx^dx 1 
~ J 1 1 ’+ a" ~w 0g ‘( 1 +a ^ 

^ Padx f'bdx _~a f*d(a + bx) 

' J a^-bx bj a + bx b J a + bx 

log c (a + 6z). 

J \a-ha; b+x} J a + x J b+x 

= log t (a+z) — log, (i+x)=log,“-^-*. 

5 - J { *ii + dn -^3 } <fa=1( ** ?Sr 


(14 x 
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x+2x* J x'-r 2x* 

7 - T~ 2 1 °g.(* 3 -*+ 1 )=l°g.(**-*+l)*- 

8 - ff^= l0 °‘ vx '- aK 

xP dx 

10. Required the integral of . 

1 -f x 

Here the index of x in the numerator being greater than 
that in the denominator, we first divide as follows : 

(*-*+ 1 -Tf7)*-H ■ +'>• 

12. ^(1 -flog, xf ~ = ^i~ — . Here the difieren- 

dx 

tial of the root, or rf(l -flog, ar)= — ; hence Rule 4 applies. 

The following examples are important logarithmic forms. 

p dx _ P dx a 4 - V a^+ q 2 ^ fXx* +a*ylxdx + dx 

^ J V^a^+o* *./ V**ia 3 *+ \ / a? 3 +a a «y **+■ \ / a ,2 ia* 

=log, (x-f- Vx 5 +a 2 ), the num r . being the dif- 
ferential of the denom P . 

14 P dx _1 p ax~*dx 1 P d(ax~ l ) 

4 ’t/a<a 2 ±x 2 )l a J (a*x-*± l)i rt c/ {(<ttH)«±l}* 
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— _ _ l 0?e {or- 1 + (a*x- 2 ± 1 )’} , by Ex. 1 3., 


x . X 

~ a ° ge «T(a 2 ±x 2 )»' 


P dx __ 1 . x -a 

9 J x 2 — a 2 2 a °^ e x + a 

For ? = -- / ? 1— 1 , 

x 2 -~a 2 2a\x — a x + ay 

• C ( * x — L C—-— 1 — i_ i „ ‘ r ~ tt 

* # t/ # 3 — a 2 2a,/ a: — a 2a,/ a: 4 a 2a ° Cf a? 4 a* 

lr P dx _ p dx _ 1 

V? 1 ?’’ 2 a 


a 

' a:-f «’ 


1 . or -ha 

— 2 a ° S ' a^' 


i7 r dx _r 2<fx /• 

J (!+# + #-)* J (4 4 - 4a* 4- 4x- )4 J {( 2x 


d(2x -hi) 


p 4- l) 2 4-(3-) 2 } $ 
= log e {2a* 4- 1 -h2(l -ha*-ha: 2 )i} , by Ex. 13. 
For a general formula of integration, see Ex. 4. Art. 91 . 

18 ' fn ~ 77 = 1 °g« ftt-l +->(*»-*- 1 ) 1 ). 

(a: 2 — ar— 1)* 

'-Jr- * 


-1 2 tf+_l_V 
L + 3*4-2a: 2 S ‘ 2(7r + 1)* 


87 . TV) integrate elementary exponential expressions. 
By Art. 54 . c?a*=log c a . a'/j, 

/fl‘az= r . 0 * 40 . 
log, a 


* It must be always understood that the symbol log indicates the hyp 
log., or the log. to the base «. 
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If a=e, f e*dz—e z + c> 

where z is any function of x. The rule expressed in this 
formula admits of immediate application when the differ- 
ential factor in the proposed integral is the differential of 
the variable index, or bears some constant ratio to it. 

/ > » 

Examples. 

t. ^ * 

1. / e ax ‘xdx= fe°*x d{ax*)— 

hfilX 

2. Jbe*dx= 

3. / a nx dx—- J a**d(nx)— — ^ 

J n J K ' n log a 

Differcnting by Rules 5. and 10., we have, 

rf(e*z)=c*|^ + s }<£r, .. — 

where the factor of e*dx is composed of two parts, one of 
which is the differential coefficient of the other. 

4. fe x ( 3x 2 + ar* — 1 )dx=e x (x* — 1 ), where 3a? is the dif- 
ferential coefficient of a? 3 — 1. 

5. /e r (2 x+x 2 )dx=ze*x*. 

6. /(H-e x )5e r da:=l(l + e 1 )?; by Rule 4, p. 130. 

88 . To integrate elementary trigonometrical expressions, 
(1.) Since d sin s=cos zdx , 

f cos zdz—sin z + c. 

(2.) Since d cos s= —sin zdz 9 

f sin zdz — — cos z-f-o. 
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(3.) Since d tan z~sec*zdz or 


.\ / sec* zdz 0 r/^tan*+c* 

(4.) Since d cot z= — 

' am *z 

dz 

-^-= —cotar. 
sin 2 s 

Examples. 

1. /cos war x <£r=^/ cos wa: x d(wa?)=^ sin war. 

/sin (m -f n)xdx= 

7 m-fn 

or* j Psinxdx P~d cos x • . 

2. J tan xdx—J = / = — log cos a; 

J cos a: */ cos a: ° 

3. / cota:<fa:=log sin a:. 

4. A* r~ ^ = f( d ^\ *\-.=ton i *, by (3). 

,/ 1 + cos a: / (cos J x )- 2 > a v y 

r Palnxdx P— d(\ + cos a:) . „ v 

5. / n — = / — r - J = - log (1 f cos ar). 

*/ 1 -l-cosar J 1 + cosa: 6V 

^ P dx P sec 2 xdx __ Pd tan x ^ ^ ^ _ 

‘ ,/sina; cosa:"^/ tana; J tana: “ °^ anx * 

7. Ad 1 - 1 _(sec|r) 2 

sin a? 2 sin £ a; cos \ x 2 tan £ x ’ 

if.h, a, , 

J sin a? */ tan^x J tan^a: ^ 3 

8. /I* =/L 7 *=logta Cl. + f). 

*/ oos* ,/ sm (£*+*) 6 \4 2/ 
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9. f tan 2 xdx=f (sec 2 x — l)dx=tmx — x. 

1 0. C ^ . » = C -f — ~ — h — •~~ 2 — 1 dx — tan x — cot r. 
J cos- a? sin 2 a? J l cos 2 a? sm 2 a?J 

11. / sin nix cos nx dx— f -l {sin ( m + n)x -f sin (m — n)x ] dx 

1 f cos (m ~f n).r suit (w — w)a: 1 
* L 7W-t-7i m — n J 


By expressing the product of sines and cosines of angles 
in terms of the sums and differences of sines and cosines of 
angles, as we have here done, various other formulae may 
readily be found. 

89. To integrate elementary circular functions, 
x dr 

(1.) Since d sin- 1 - =--^ Art. 58. 

V ' « aV -* 2 



• x 
sin ‘--rC. 
a 


(2.) Since cos 


.r — dx 

\ r d : —x- 



+ c. 


(3.) 


Since d tan 



adx 
a 2 + x-' 



1 .x 

- tan - -f-c. 
a a 


(4.) Since d versin 


a?__ dx 
a V2 ax—x 2 ’ 



= versin- 1 --f-c. 
a 
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( 5 .; Since d sec _1 - = — 

a xVxZ—a? 


f* 


dx 1 . x , 

~ — = - sec -1 - -f c. 
x Sx 2 — a 2 & cl 


Examples. 


j f* a ^ x — a f* 
v (a — bx 2 )^ b ^ «/ /a A 

U 


a .. x a . , /£ 

= — . sin “ 1 — 7- = — : sin ~ l x t / -* 

iJ jj V « 


by form (1), where we put ^ for a*. 


2 ffh = \ff b y form ( 3 )> 

1 1 , i * T l , / 

* /« 7 « A/ « 

V & V * 

«/(a“-.r<)J «.* { a 4_( r 2 )2 >.i - a 2 

_ 1 
a 1 -her 4 2a 2 

/ ra 


tan ~ l 


dx _ /* 2<£r _ / * </(_2.r-l) 

-2x+2j?2 J 2- Ax + \x 2 J (2x-l j 2 +l 

=tan (2x — 1) ; by form (3). 


For a general method of integrating expressions of this 
form, see Ex . 3 . Art. 91 . 
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1 


1 +2x 


P dm P d(x- 1) . ,*-! u /1N 

7 Jri+2^d '-vV h * (1) - 

(8. f- 

c/(l 


( 1 — X — X 2 )*i 


2*-fl 

v 5 ‘ 


Funda 


my 


tal Formula . 


90. Collecting the results of the preceding articles, we 

have 


x"* 1 


(a.) J'x*dx~— j-j, except when n = — 1, and then 

(c .) 5. 

v 7 ,/ a 2 + a 1 - a a 

rJ\ (' dX 1 1 X ~ a 

x*-a*~ 2a l0S x + a 

. v p dx i x p —dx x 

(a 2 — x 2 )^ a «/ (a 3 — x 2 ) 5 a 

(/) /(^f^ =los (*+(* 2 ± aJ ) 4 )- 

fr.) /’_*-.=! sec-* 5. 
v ' J x(x*-a*)* a a 

. P dx 1 . « 

) / r= - log • 

a*(rt 2 4;a: 2 ) 3 a a + (a 3 itf 3 )* 


(A. 


(i.)fa*dx=~, and /e“d*=C 
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( ;.) / sin mxdx = cos mx. 

( k .) /cos mxdx—^ sin mx. 

(1.) f sec 2 mxdx—- tan mx. 
v /J m 

All other integrals are reduced to some one of these 
forms. 

91. By certain easy algebraic processes, many integrals 
may be brought to some one of these elementary forms. 


I. By various modes of transformation. 

1 f (l x — f d(x + a) 

(/ 2 -f2a.r)* J {(a-f a) 2 — a s }^ 

, • 

=log{(a: 2 -f-2aa:) 2 -hx-f a}, by form (/). 

2 f ' xdx = C d ^~~ 

J J — a 2 — (x 2 — a*)) 4 

t ’/* * . ' /a: 2 — 

= “ n-, U*-«v ’ by fonu (f) - 

3. /!_*__ =2 /- 2 c ^ 

// a 4- bx -f / 4 ac -f 4^cx + 4 c l x l 


-/* 


d(2cx + b) 

(2 cx + b) % -{- 4 ac—b'* 


which is integrated by (c) or by (d), according as 4 ac~b 2 is 
positive or negative. See examples, Art. 89. and 86., for this 
and the two succeeding formulae. 


4 . r~ <** 

J ( a + bx + cx 2 




I r 2cdx 

(4ac 4- Abcx -f 4c*x 2 )l 
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=1 f- 

CW \ ! 


d(2cx+b) 


cw {(2cx+b) 2 + 4ac — b 2 }^ 


>log {2cx + b + (4c xa + bx + cx 2 ) 1 }, 

c by (/)• 


5 . Similarly /- — -=4 f- 

J (a + bx—cx 2 p c'c/ 


d(2cx — b) 


= — sin-' 

r?’* 


4«c-|-& 2 — (2cx— &)-}* 

2 cx-b , 

. by (e). 


5 . a — * — =r 

x(a + bx -f cx-y J {a 


c 2 (4 ac + b 2 ) 
x~*dx 


x(a + bx + cx 2 )* ^ ( «ar 2 -f bx ~ 1 -f r )i 

^_r d(x-') 

J (a 


(ax~ 2 -f bar-' -f c )* 
which has the same form as Example 4. Thus we have. 

d(x~') 


r d * =_/i 

x(l 4- x-f x 2 )* c/ (a: 


(or— 2 -har— 1 -h 1)* 

= — log {2r-‘4-l-f (4 x l-far^-fx- 1 )*} 

i x 

= l 0 g - . 

2+x-f 2( 1 4* x+x 2 )* 

II. By splitting an expression. 

, P(c+bx)dx P dx ,Pxdx 

l J -^- =c J-^»* b Ja^ . 

= « Ca[ ' a + \ '°= <.“ 2+ * a ) 

o C xt ^ x -- f* xdx r i __ i \ 
{&*+<*) (sP+b) J b- a \ x-i~a x' -htl 

_ 1 , a? 2 -fa 

”27^5) los M 
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' S 'Jl*‘+a‘Ht>+l')-b‘-a°{a'* , ‘ 'a * *“ ‘i } ' 

4 'y^Ff?t/'{iTT~r*TT)’} * =1< * ( * +1)+ JTI 


dx — 1 . a? 3 

a^a-f&r 3 ) 3 a 0 ® a + &a? 3 ’ 


tt i _i r i_ l 

ere a?(a + 6a? 3 ) ala: a-h&tf 3 .! 

*/?i +^) 2 t /1 r?i“(T+F)2 } c * <te= r+? 

since the second term within the brackets is the differential 
coefficient of the first. See Ex. 4., Art. 87. 


III. By adding and subtracting the same quantity. 

1 f* x ^ x _ / J~ a dx __ (a — x)dx 
(2ax — x 2 )* \(2ax—x 2 


.{2ax—x 2 Y (2 ax- 


-)^ I 
-*»)U 


=a versin _l ( 2 a*— ai 2 ) 4 . 


2. /( « + bx)^xdx= ^J'(a+bx—d) (a-f- bx^dx 

—\f( a +bx)idx—^/(a+bxydx=j b2 (a+bxf—^(a+bxf. 

3. /(l + ar)"* 2 dx=/(l+x)" (1+* — 1 ) 2 dr 

=/(l +x)- +t rf*-2y(l +*)"+'<& +/(1 +*)"<& 

_ (1 +a?y ,w _ 2(l +a :) 1 '' 1 '* . (1+a?)* -1- 1 
»-f3 »+2 »-fl 


' 4 -i^ =t *’- 4 *- 81 5(rT7)r 
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6 /"(g 4- Pix+^dx ^ p dx j P dx 

J #(a?— 1)5 «/ rr(a: 2 — 1)5 «/ (jp 2 — 1)* «/ z\x 2 — 1)5 

= log {a? + (x 2 — 1 )*} -f- sec -1 x. 
I 7. -f xfxdx _ __ ^ g - n -i (l — .# 2 )i See Art. 93. 

* t/ (1 — a;)* ^ 

/ (2ax— x 2 )*dx _ /*(2« — x)dx 

x J (2 ax—x 2 )* 

= C.{ a ~ x ^ x - -f a — — ; = (2a# — # 2 )* + a versin- 1 

t/ (2ax — x 2 )^ c/ (2a# — # 2 ) 5 a 

9 . (\ x +*\ l dx = rj*±^ 

%J \ x ) (# 2 -fa#)5 

_ l ^(2x + a)dx + a Z 1 d# 

(# 2 -fa#)* 2 c/ (# 2 + a#)' 

=(# 2 -f a#)* -f ? log {(# 2 + a#)s -f a; 4- la] . 

(See Ex . 1. p. 140.) 

I 10 . Alz^^iog 

! c/ * 6 i+a-**)* 


V. By substitution. 


1 3?2 

1. Let the integral be «= /- y dx. 

J 1 - x* 

Let x=zfi, where the exponent of z is equal to the pro- 
duct of the denominators of the exponents of x, ,\ dx=6z b dz ; 
hence we have, by substitution and division, 

«= / ■ *] • 6z s dz=6^1^+z*-z 3 + z i — z+1 — ji-; )<fo 

„ f a? *! Jj! 1 1.1 

=6 I 7 +r~ 4 + 3 ~ _ 2 -- iC ^ og ( 1 +**)}• 
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/» fjf x 

2. Let the integral be u= / r . 

J (2+x)(i+ x y 

Assume (1 +x)^—z, 1 + x=z 2 , dx=2zdz , and 2-t-ar 

=z 2 -f- 1 ; therefore, by substitution, u — 2 tan - 1 z = 

2 tan -1 (1 -f a?)i 

C dx 

After the same method / ^ is found. 


i. u=f- 


(c -f car) (a -f bx 2 y 


of each side and differentiating, 


y; let c + ex=z; taking the log 


cdx dz 
c + ex z 9 


and a + bx 2 =a + - 2 (z — c) 2 = ^ (ae 2 -f be 2 — 26cz -j- 6z 2 ) , 


by subst., u — / 

c/ 


c/ 2(ae 2 + ^c 2 — 26cz4-^2r 2 )2 
which is integrated as in Ex. 6, Art. 91 . 


u=f- 

d(f 


c + ex 2 ) (a-f-^ar 2 ) 15 


_ f*(ax~ 2 + b)~\ 

hj 


r~*x~ 3 dx 


=_cjl 

J a\ 


d(axr* + b)*_ r dz 

a{cxr 2 -f e) J cz 2 + ae—cb 


, by making 


(aar 2 + 6)^=2:. This will be integrated by form ( c ) or (d) 
according as ae—cb is 4- or — . 

If ae—cb, then w= — /--—■= — = — r. 

J c * 2 c(a + bx*)i 

For example P- — -,= — 

J (l+2* 2 )(2 + 4 x 2 )4 ( 2 + 4 a?)* 


H 
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fi 


dx 1 (1 + # 2 )£ + 2^r 

= - log, 


(l-*»)(l+«*)» 2* (l-* 2 )* 

here c= 1, e= — 1, «= 1, 6=1 ; then by (c?) and reducing. 

6. Similarly C f*L 1 

«/ (c + e# 3 ) (a-f &# 2 ) 5 ^ e# ) 

7/sq^bs? bymaking («+ 6 * 2 ) 4 =*- 

m 

*. + +£' 2 )5] . . n . „ 

7. w=/— 5 — — ; let # + (1 ; 

J (1+s 2 )* 

dx ndz . 

-= by taking the log of each side, and then 


(l+tf 2 )* * 

f differentiating. Hence by subst., &c, 


= f nz h/s = - = -- f a; + ( 1 -f # 2 ? n . 


! -X 


dx 


5 this integral may be brought 

+ &r)(ra? + e*+/)l ^ 

X *.-?- ■ -> bj °“ ki " 8 =: 1 


to the form _ 

a( 2 T 2 — 2pz + y)5 
ceeding as in the foregoing examples. 


a -f- bx 


, and pro- 


RATIONAL FRACTIONS. 

92 . In a rational fraction the indices of x are all positive 
integers. Expressions of this kind may be integrated by- 
resolving them into a series of simpler fractions, called 
partial fractions. This can always be done by the method 
of indeterminate coefficients explained in (Art. 7 .), Em. 2., 
3., 4. 
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Examples. 

1st. When the factors in the denominator are all different. 

P dx _ P dx 
l 'Jx*—2xJx(x-2)' 

Here by decomposition, 

dx _ 1 f* f dx dx 1 
’’J x{x—2)~2j L x—2 _ x J 

=|{log(*-2)-loga:| = ~ log 


adx , x~a 

=log . 

c 2 — ax x 


J x* + 6x+S-J (x+4){x+2)' 

Let (i + 45^+2r^ + ^2 ; Clearing 0ffracti0ns ’ 

x = A(x + 2) + b(® + 4) ; 

to find A, let x— —4 ; then — 4 = a(— 4 + 2), a=2 ; 

to find b, let x— —2, then — 2=2 b ? b= — 1 ; 

substituting the values of a and b, we have 

x 2 1 

(a? + 4)(# + 2)~“a7 + 4 x + 2’ 


f* xdx f*2dx f*dx 

"J <J*+±)(x + 2)J x~+2 


=21o g(x + 4) — log(a? + 2) =log 


(a? + 4)* 
tf +2 * 


f* dx 1 . a? + 2 

* c /a? 2 + 6a? + 8 2 °^a?+4 # 


a 2 
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1 


adx . x—§ 

5^+6= al ° S ^2- 


- r {x*+2)dx _r (*> 

°'J x* + 7x*+14x + 8 */(*+ 1)(; 
x 4 +2 


■ 2 +2Wx 


Let 


z + 2)(a; + 4) # 


r + - 




(»+ l)(ff + 2)(a?4-4)"’~x + 1 x + 2 x + 4* 
clearing of fractions, by multiplying by (x+ l)(a?+2)(a?+4), 
# 2 + 2=A(#-|-2)(;r-f 4)*f n(x+ l)(# + 4)-f C(a?-f 1)(# + 2) ; 
to find a, let x~ — 1, then 3 = 3 a, a= 1 ; 

to find B, let x— —2, then 6 = —2 b, /, b= — 3 ; 
to find C, let a?= — 4, then 18= 6c, c = 3; 

substituting these values of A, B, and c, 

* 2 + 2 1 3 3 


(#-f l)(#-f2)(#-f 4) #-fl 3:12 ^4’ 

P ( x*+2)dx _ Pdx P3dx PSdx 

' J (*+ 1 )(* + 2 )(aT+ 4 ) J x+lj x 

=log(x + 1)- 31og(x+2) -|-31og(x+ 4) 


+ 2 + J x + \ 


\f» 


( « +i X« + 4y 

(x+2) 3 1 

x 2 dx ^ *S(x+ 1)(# -f3) 9 

>" 1 1 . /» / T C\\A • 


a^-fGa? 2 -!- Ila;-h6 * v& (x + 2) A 

Here the factors of the denominator arc (x + 1 ), (x -f 2), (x -j- 3). 


I 8. w .... 

i y x-x 3 g (1-x 2 ) 2 


0&s. In like manner, if the denominator contains tour 
factors, we should resolve the expression into four partial 
fractions ; and so on to other cases. 
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2d. When some of the factors are equal . 

When the denominator has the form of (x—a) n (x— b) 
c)...& c., we may readily decompose the fraction into 
its partial fractions by assuming it equal to 


(x — a) n + (x— a)"- 1 ^ x—a^ x—b^ 


1. 


Required the integral of i v 

J (x~2)\x—l) 


J X 2 + X A B C 

(*-2) 2 (z-l)~( a :-2) 2+ ; ^2 + ^T 
x 2 + x=za(x— 1) + b(;c — 2)(x— l) + c(x— 2) 2 . . . (1) ; 
to find A, let x=2 ; then 2 2 -f 2=a . . . (2). 
Subtracting eq. (2) from (1) we have, 

x 2 — 2 2 -f # — 2 = a(« - 2 ) -f b(x — 2 )( x — 1 ) + c(# — 2) 2 , 
and dividing by a:— 2, 

a? 4-2 + 1 = a + — 1)4" — 2) ; 

substituting the value of a( =. 6) derived from (2), and re 
ducing, 

x— 3=b(:c-- 1) + c(ar— 2) ; 
to find b, let x = 2, then b=— 1 ; 
to find c, let a?=l, then c=2 ; 


# 2 +a? 

• % i) 


6 1 2 
0-2) 2 «-2 + i-l 


. A* (a 2 +#)<£» 
•V(-- 




_ /‘6dx 

~J(x- 


2f 



= -^2-log(*-2) + 21og(a:-l) 


6 

x—2 


+log 


x—2 


H S 
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The method employed in this investigation will apply to 
all similar cases. 

xdx 2 , . x+2 

= "i+ 2 +log ¥+r 


■S 


+2)2 (# + 1) 

dx 


1 


x— 1 

{^+2f (x-l)-~S(x+2y * a? +2* 


s+^log 


4. To integrate — . — 3 
*2-2 


(x?—2)dx (x 2 —2)dx 

° r x-'(x— 1)* 


Let • 


=-,+^+ c +- 


' * 3 (*— 1) a? ' x 2 ' x ' x — T 
,\ * 2 — 2==a(*~1) + b*(*— 1) + C* 2 (*— l^D* 3 . . . (1); 
to find A, let *=0, then a=2 ; 


substituting this value of a in (1), transposing and dividing 
b y x, 

x=2 + b(x—1)-\-cx(x—1) + vx 2 ... ( 2 ); 
to find b, let .r=0, then b=2 ; 

substituting this value of b in (2), reducing and dividing 
by x . , 

l=2 + c(*— -1) ~vx . . . (3); 
to find c, let x=0, then c= J ; 


to find d, let a?=l, then d = — 1 ; 

s»-2 __ 2 2 11 

** x\x— 1) ac 3 x 2 ^ x x — 1 * 



(x 2 —2)dx__P2dx P2 dx f*dx Pdx 

1) J X s J x 2 J x J z — 1 


I 2 . f - «. 1 +2x , . x 

: -*2~i + l0g X - 1 °g(*- 1 )= ^ + 10g 


*- 1 ' 


1 r f*(x±\0)dx 10 . (x— 3\« 

\ 5 J V^- = 3i +l0g l“5- j 
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3rd. When there is a quadratic factor having impossible 
roots . 

P x 2 dx p x 2 dx , o , . 

L Jx*+ & +*+ 1 =J ^TTJ^ T T) ; where * i+1 18 a 

quadratic factor whose roots are impossible. 

Let ** - A -I ME+N . 

0+i)0-'+ 1) *+i # 2+1 * 

clearing of fractions, 

tf 2 = A(# 2 +l) + (#-f-l) (M07 + N) . . . (1), 

to find a, let #= — 1, then a=£ ; 
substituting this value of a in (1), and transposing, 


(#4-1) (m#4-n)=# 2 — 


#* 4 - 1 x 2 — 1 


dividing by #4-1 > 


m#4-n=- 


•• (#4-l)(* 2 + l) 2(x+iy2(x* + iy 
x 2 dx __ /* dx , P(x— \)dx 

J 2(# 2 + l) 

=| log O + 1 ) + 

=^logO + 1 ) + -4 lo g 0 2 + 1 )— I tan- 1 *. 

„ P dx , , Vx 2 +l • , , 

i =-i'°s ^ZT--^ tan **• 

1 3 f'(. x *- x + 1 ) dx = i orr l*±I)Li tan- 1 *. 

1 'J # 8 4-a? 2 + « + l °(# 2 4-l)i 
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. 4. To integrate (x „ + 1} ( ^ - y where 

\ quadratic factors having impossible roots. 

\ 

Here we must assume 


there 


are two 


X 2 _Ar+B ^C# + D 

(* 2 +l) (x 2 + 2)~x*+ \ + ~a*+2 5 

clearing of fractions and arranging the terms, in the left 
hand member, according to the powers of x , 

a? 2 =(A + c)# 3 + (b -f v)x 2 -f ( 2 a -f c)a? -f 2 b -f D ; 

hence we have, by equating the coefficients of the like powers 
of x, 

a + C— 0, and 2 a + c=0, a= 0, and C— 0; 


b+d= 1 , and 2 B-fD= 0 , /, b= — 1 , and d^ 2 ; 


a 2 __ 1 2 

(x 2 +l)(x* + 2) aP+l+a* + 2 } 


■A 


x 2 dx 


(a? 2 -j- 1 ) (a? 2 *f- 2 ) * 



= — tan- 1 x+ v'S tan -1 — by form (c). 

V 2 




5 'J C* 2 -r 

S ’ Jlx+l)(x-l)(x*+2) =t 


x 2 dx 


i i 1 */2 A . x 

* h «r+* + -r t “' , 7 a- 


/ Here we must assume 

/ __ a b ca?+p, 

\ (a:-f 1) (#— 1) (a? 2 -f 2) ai-fl a? — 1 x 2 -h2 

and then determine the coefficients by the method followed 
in Example 4, or in Example i. 
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7. To integrate 

A X A , B . CX + T> 

Assume 7 — --r- N - , v t . . — r-~4 , 4- - 7 ,- — 

(#+ 1)- (a? 2 + 4) (x-i-1) 2 #+l a?- + 4 

a?=A(a? 2 + 4)+B(,z + l) 0 c 2 + 4) + (cx+d) (x + 1) 2 ; 

to find A, let x— — 1, then — 1 = oa, ,\ a = — -i ; 

ubstituting this value of A, and adding 1 to each side of the 
quality, in order to render the equation divisible by a?+l, 

X + 1 = £( 1 - X 2 ) -f b(x + 1 ) (x 2 + 4)+ (cx + d) (x + 1 ) 2 , 

/. 1 =-J(l — *) + B (^ 2 + 4) + (cx + d) (x + 1 ) ; 

to find e, let #= — 1, then l = f + 5 b, ; 

ubstituting the value of b in the last equation and reducing, 

. 3x 2 —5x—8 , /0 

C#+D — — uV • — ~x+\ “ iry(&r — S) ; 


-Jh 


xdx 


_i / * tfe , 3 j /'(3x—8)dx 

(a?+l)-(a? 2 + 4)“ V (a?+ l) 2 + li i/a? + l # 2 + 4 

= ^{i|l +§los( K^ :+4tail “2}- See ^- h 


x 2 c*z j 1/w (a:— l) 2 

(*-l) 2 (i 2 +l)~ 4 g '- 2 -^ 


1 


a. ,2 + l !2(a?— ])’ 


4th. When the highest index of x in the numerator ex - 
eecfo that in the denominator . 

Fractions of this class (as well as some others) may be 
>rought to a form admitting of integral by actual division. 


1. To integrate 


x 2 dx 

a-\-bx 
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Here, by actual division, we have 


x 2 _x a a 2 1 
hx + <i~b b 2 b 2 * a + hot 

y *x*dx _ f*xdx Padx Pa 2 dx 

a+bxj b J b 2 J b 2 a + bx 

=Yb-? + P°^ a+b ^ 


ax 2 a 2 x a 2 , , , . 

-W + T?~¥ lo e («+**)• 


9 PxPdx ar 3 

| 0 Pxdx x a . . , v 


4. To integrate 


Here ^I= 1+ ^ri« 


/ 'a? 2 cfo /* dx x— 1 

^-L- x+ J^i~ x+ ^ l0S *+T 

/\x'—2x)dx x 2 , , n 

V — =5— * log <-■- 1> 


INTEGRATION BY PARTS. 

93. Since ^(^)=zrfv4- vdz (Art. 40.), where z and v are 
functions of the variable x> 

zv—fzdv + / vdz, 

/ zdv=zv —f vdz . 

\ This is called the formula of integration by parts ; by it 
i we are enabled to integrate any function zdv , provided the 
I function vdz admits of integration. 



INTEGRATION BT PARTS. 


155 


Examples. 

1. f ar*(l + x 2 ydx=f x\\ +x 2 yxdx. 

Here we must put (1 +x 2 ) 4 xdx=dv, since it is obviously 
.he differential of a known function. 

Let x 2 =z, and (1 +x 2 yxdx=dv> * 

2xdx=dz, and -^(1 -fa? 2 ) 5 =v ; 

,\ fa?( 1 -\-x 2 ) 4 dx=f zdv 

— zv — j vdz 

=#* x-j^(l +:c a ) 5 ~/^(l+x 2 ) 5 x2xcfo 


2. /(*» + « 2 ) 4 ^f(* 2 + a 2 ) 4 + ~ log {*+(*2 + a 2 ) 4 }. 


Let (x 2 + a*) 4 =z, and dx—dv, 

xdx , , 

/. . —dz and x —v, 

(* 2 + a 2 ) 4 

f(x 2 +a i )^dx=fzdv 

Z=zzv—fvdz 

r=(x 4 +a a ) 4 • x—fx. xdx 


(x* + a 2 ) 4 


=x(x 4 +a 2 ) 4 - r^ + “ 2 )d*-fdx 

J (x 2 +a 2 ) 4 

= x{x* + a*) 4 — /(x 2 + a 2 ) 4 dx + cpf— ^ 

J (x 2 4 -a 2 ) 4 

by transposition and form ( f ), Art. 90., we have 

2 / (sc 2 -f a 2 ^dx = a?(a; 2 a 2 )^ + a 2 log {x -f ( x 2 + a 2 )^} , 

by dividing by 2, the proposed integral is found. 


H 6 
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3. f(a*-xrfdx=%a ? siii 1 * 

4 J CL 


Proceeding exactly as in the last example, we find, 

2 f(a 2 -x i ) i dx=x(a> -**) 4 + 

whence by form (e) and dividing by 2, the integral is found. 
4. /(a? 2 + 2ax'ftdx=. f{(x + a) 2 — a 2 }^d(x -f «) 

=‘^~(* 2 +2aa:) i log {x + a+{x i +2ax') i }, 

by making a 2 minus in 2&r. 2. and then substituting x + a 
for x. 


| 5. f(2ax — x 2 )^dx=f {a 2 —(a;— a) 2 } a) 

=^-( 2ax-x*) 4 +^ sin- 1 —-, 


by substituting a:-— a for x in Ex. 3. 


6 . 


f 'x^dx , _ ^ 

i/(l+**)3 


(1+X' S )' S 

Let x 2 =x, and {\+x 2 )-^xdx=dv, 


/. 2xdx=dz , and 




o+**>* 


=rr; 




(1-f a? 2 )^ 


—fzdv 


— zv—fvdz 


a? 2 P2xdx 
(l+a; 2 ) 4 «/ (1+a: 2 ) 4 

— — .+2(l+**)i=-^i?-. 

(l+z ! ) 4 (l+*»)i 
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/* aPdx _ __ 3ir 2 -f 2 
j J (l+a; 2 )^ 3(1 +*»)* 

l 

/* a^cfo? 


£ *r(£gc * 

7oT~Z\ i=-2xl(2a-x)* + &J(2ax — x-)^dz. 
y la ~ x ) (See Ex. 5.) 


9. /* log xdx=-(\og x-±). 


dx 

het log x=z, and xdx=dv ; ~=dz, and 9 =«/; 

f x log xdx—j'zdv 

— zv—j'vdz 
, vt'- / x 2 dx . 


, x* / x 2 d 

=log * • i~J 2 • i 


=log*4--~=&c. 


10. tf‘ log xdx =— — - ( log a; r-rl. 

J ° ra+K 6 « + l/ 

n. 


Let a? = 2 , and e^dx—dv ; cfor- c&t, and — ==r ; 

ct 

fxe^dx^f zdv 

=zv—f vaz 


-.x . f* 

a J a 




* The student should endeavour to acquire the power of writing down 
this equality without going over the intermediate steps given in these 
examples ; thus 

S*2* (JjP 

f x log x dx=f log x x. xdx = log x . ——I -- • 
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12 . /sin -1 xdx—x sin - 1 a? + (l 
Let sin -1 x=.z, and dx—dv ; 

dx 


— dz, and x—v\ 


■* 

f sin - 1 xdx—f zdv 

=zv—f vdz 


. . xdx a 

=sin “ 1 x . x— / T =&c. 

J (l-^ 


13. 


/ sin - 1 # . xa~ , . 

r — =a ;— (1 — x 2 )* sin - 1 x. 

(1-**)* 


n- 1 a? . a:da; 
t t/ (1 
14. / tan - 1 xdx=x tan - 1 a; -log (1 +x 2 )*. 


Rationalization , . 

94. Functions of the form / a ;” 1 - 1 (a + &z n )<? dir may be ra- 
tionalized when — or “ -f- is an integer, tjv 

*>v £ & 

(I.) Assume a + bx n =z 9 ; 3 . ~ ^ 

m 

(z **— oV 

/. 0 ^=^ — ; then by differentiation, 

. r . ' o _ ' £>« 

f v '!> a? m ~ 1 dir=-i-z 7 - 1 (z 9 — aV _1 dz; 

U f - 

no™ 


multiplying by (a + bxf 1 )^ or zP , and integrating, 

/ a? m_1 (a -f bx n )7 dx—-^f z phQ ~ l (z 7 - a)~*~'dz. 

nbn 

m ™- 

ISow, when — is an integer, the binomial (z*— a)* 1 can be 

expressed in a finite series of powers of z, and hence the 
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integral can be obtained in finite terms. The condition 
m 

— =a positive integer, is called the first criterion . 


p np p 

(II.) Again, af n - l (a^-bx n )9dx==x m+ q } (ax~ n + b)v ; now, 
from what has just been shown, this latter expression is 

integrable if |-i-(-n)=a positive integer; that 


m p . . 

is, if ---f^=a negative integer. 


This condition is called 


the second criterion . 

In this case, therefore, we must first put the expression 
under the form above given, and then assume ax~ n + b = z 1 . 


Examples. 


1. Let f x*( 1 +xrfdx be required. 

m 4 

Here «=2, wi— 1=3 ; wi=4, and — =-=a positive 

n & 

integer; hence the first criterion is satisfied. Since p — 3 
and < 7 = 2 , 

assume 1 + a? 2 = 2 ; rr 4 = (z 2 — 1 )- ; 

(l-fa^^z 3 , and xPdx=(z 2 — \)zdz\ 

/**(! +xrfdx=f(z*- \)z*dz=*!-~ 


5a 2 -7 . 5^-2,, , ... 

•**=— 3g-( lJ -* 2 ) 5 - 




dx 


“ 35 

= / ar* 4 (l -f x'Y^dx. 


**(l+a: 2 )i' 

771 3 

Here n=2, m — 1 = ~ 4 ; - 3, and — = — - ; there- 

71 Z 
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t) | 

fore the first criterion does not apply ; but #=2, 

q & 

and — 2 s which shows that the second 

n q 2 2 

criterion applies. 


Then f- 
J a. 


dx 


r=/ar- 5 (ar 2 + l) 1l dx ; 


x*(l -f 3? 2 )^ 

assume ar 2 -hl=s 2 ; x- 4 =(z 2 — \ ) 2 , x~ 5 dx— — z(z 2 — l)dz 

P x~*dx _ P z(z*-l)dz 

" J (x-* + n* J z 


r ~ 3 +* 

{2x?-\)(\ +x*y 


3* 3 


3. / # 2 (1 4-a0*da:- 

24-1 

Here — =3, therefore the first criterion applies; 

let 1 -f-a , = 2 :, x*=(z— l) 3 , x 2 dxz=(z— l) 2 dz; 

_/a5 2 ( 1 + x)^dx=fs^{z — 1 ) 2 <fe, 

=&^( 5 * !!— 14z + 3 j , )= 7 ! V(l +a’4 5a " 2 - ** + $)• 

4. /A** 4(1 +4)i (K1 +4) 2 -f(l +* 4 )+ 1} ; 

(1 

this comes under the first criterion. 

J X? loa i5 

6 . f x(a+x)$dx=zj i (a+x)i(5x—2a'). 


7 . 

a 


/o 

fl 


xMx , 3(1 4 ar) 2 + 6(l+^)- 

(1+a:)^ ^ (1+#)’ 


x in ~'dx 2 (a+fcc") 4 


(a + &*■)* 15w6S 


( 3 i 2 * 2 n — 4 aix" + 8 a 2 .) 
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Here — -^ii=3 ; hence we must 


assume 


« + &c”=z s , a^”-'<£r=^j.z(z 2 — a^dz ; 

f'z* m -'dx _ 2 2 J z* 2 « 2 3 \ 

•v^^r^ /rz “- a)2 ^ = ^n 5—r +a2s \ 

= r£i (32rl ~ maz °- + 1 3a2 )= &c - 

0 /* 1 C(z — a) Tn dz . , 

9 - J(a-+bx)’ = b^J z" - aSSUmm S ° + to==2 - 

When 7??- is positive, this can be expanded and integrated. 

10 - / ^(a+l x )' = f x ~ i ’' l "\ a3 \ X + i )-’^ 

= “o»fiCi / J.— by making a* >+£=*. 

Which can be expanded and integrated when m + n—2 is a 
positive integer. 


Method of Reduction. 


95. This method consists in making the proposed integral 
lepend upon another of the same form, in which the indices 
are diminished, so that by repeating the process, we at length 
arrive at an integral which can be determined by forms 
al ready estubl i shed . 

(I.) To diminish m in the formula u m =f x m (a-\-bx n ydx, 
where r may be either positive or negative. 


Integrating by parts, Art. 93., we have 
7 m —f x m ~ n+l . (a + bx n ) r JC N - l dx 


_ x m -* 4 1 ( a -p bx n ) r4 1 _ 

r?6(r-fl) rc6(r-fl) 


bjc*) r + l dx . 


.(A) 
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Now f x m ~*(a± dx~ f ac m — n (a + bx n ) (a + bx?ydx 

~af -f- bx n ydx + bf x m (a -f bx n ) r dx 

Therefore, by substituting this in eq. (a), and solving the 
resulting equation for u m) we obtain 

x m — n + l (a + bx i *) r+1 a(m — n+ 1) 

“ m ~ ~b(nr + m+T) ' _ 6(wr+«» + l') M "- n ’ 

where is made to depend on u m _ n , that is fx m (a + bx n ) r dx 
on J'x m - n (a + bx n ) r dx, 

By repeating this process, u ni _ n may be made to depend on 
u ni _ 2n , and so on. 

In the formula (a) the integral is made to depend on 
another of the same form, in which m is diminished by w, 
and r is increased by unity. 

(II.) To diminish the index r in the formula 
u r —f x m {a -f bx n ) r dx , 

where m may be either positive or negative. 


u r =afx m (a -f bx n ) r ~'dx -f bfx m 1 1l (a + bx n ) r - ] dx ; 
but by integrating by parts, we have 

fx m+n (a -|- bx n ) r - ] dx= J x m+l . (a -f bx^-'x^dx 


x mU (a + h :x *y 
nbr 


m L 1 

nbr 


Jx m (a -|_ bxnydx ; 


substituting this in the preceding equation, 

+ m-fl 

u r -au r __, + ^ ~ u r p 


xf n +'(a + bx n y anr 

nr-fw-f 1 wr-fTW-p i Ur - li 
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where u r is made to depend upon u r _ l9 that is 

J'x m (a -J- bx n ) r dx on f x^ia -f bx n y~ l dx. 

By repeating the process, u r _ x may be made to depend on 
u r _ 2 , and so on. 


r dx 

(III.) To diminish m in tlie formula u <n=J x u, {a ^J^y^ 

where r may be either positive or negative. 

Multiplying num r . and deno r ., by a + bz n , and splitting, 

dx adx bdx 

x m (a \-bx n ) r ~ { x m (a + bx n Y^ x m -\a + bx n ) r9 


by integration and transposition, we have 

~LT djc -- 

Um ~ a J x m (a + bx*y- 1 a U 


now integrating by parts, we have 

dx __ f* 1 dx 

x m (a + bx n ) r ~ x J (a-j-bx"y-' * x m 


1 


nb{r—X)f* dx 
y-i m—\ J x m ~\a -j- 


( in — 1 )x m ~ 1 (a bx f y* -1 m— 1 J x m ~\a -j- bxf 1 ) r 9 

substituting this in the expression for u m and reducing, 

bn m tl ; 


1 n(l — r) — m+\ 

V '“ ~ a(m - 1 )x m -'(a + bjt*) T -’ 1 ^ 


«(?W — 1) 


where u m is made to depend upon and hence, by re- 

peating the process, m may be reduced by any multiple of n. 
(IV.) To diminish the index r in the formula 


“'t/e 


x m dx 
{a + ~bx”f 


where m may be either positive or negative. 

Multiplying numerator and denominator by a-f for" and 
splitting, 
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x m dx 


ax m dx 


(a -f bx n ) r - 1 (a ■+- bx n ) T (a ± bx n ) r ’ 
by integration and transposition, we have, 


bx mJt *dx 




] x m + n dx ( 1 
(aTb^f^a “ r - i; 


now integrating by parts, we have, 

Px^dx _ S' J? 

J (a + b^y-J " (« 

^i+1 


-VZr 


+ fo tt ) r 

»* + 1 /* tf’VcC 

7i&(r — 1 )(a -h bjf l ) r - x + /^(r— 1 )^/ (a + ’ 


substituting this in the expression for u r> and reducing, 
x m+1 


If m + l , 1 

:") r -‘ a l«(r— 1) J Wr - 1 ; 


r na(r— \)(a + bx' 

wliere w r is made to depend upon u r _ ]9 and by repeating the 
process, r may be reduced by any number of units. 


96. 


/ * X m (/x 

— -• 

(I-* 2 )* 


Here method (I.) applies ; a = 1, — 1, — *, and n~ 2. 

Therefore the formula of reduction becomes 


x m - l ( 1 — x 2 )* ^ m — 1 f 'x^^dx 
m 


7* 

mj 


It will be highly instructive to the student to apply the 
general method to each particular case. 


Here u m 



xdx 

(!-**)*’ 


hence we have by the formula for integration by parts. 
(Art. 93.), 

u m — — x 7n ~ 1 ( 1 — x 2 )- + (m — 1 )/ x n, ~ 2 ( 1 — x'^dx* 
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ox j, f'x'^-'dx f* x^dx 
Now /a? m ~ 2 ( 1 — a; 2 )5<&,’= / — / 

v ' (i-* 2 ^ J (i-* 2 ) 


)* 


by multiplying and dividing by (1 —a; 2 )* and splitting 

/^X m ~~^d 7C 

« m = -*”->(i {l —^r {m - V)u "' 

1 — ;r 2 ) 4 m — 1 /‘x m ~ 2 dx 
m mj( i_ x 2)i' 


«»=- 


By putting tw — 2, tw — 4, &c., for m f this integral is finally 
reduced to 


m is even. 


and 


r dx . , , 

/ j=sin- ] .r when 

J (l-* 8 )* 

/ * , 

to / 1=— (1 — x 2 r when m is odd. 

J (l-x 2 )* ' 

/* x^dx 

Ex. 1. Let / — t be required. Here w=3. 

*/n-* 2 r 

E* x?dx a? 2 (l — x2 )^ x ^ x • 

* V/ (1 -a; 2 )*~~ 


3 ’ ^/(l-# 2 )* 

= _ ^ (I ~^ _g ( i _ a , 2) i = _ i (1 + 2 )- 

/"* x^dx 

2. Let / . be required. Here m=z 4. 

c/(l-;r 2 )* 




x*dx 


cr^l — x 2 )^ 


(I-* 2 ) 4 4 */ (1 — a: 2 ) 4 


x2 r * f* x2 dx 

~ + VK^S’' 


then substituting m=2 in the formula, 

f* x^dx x( 1 — x 2 )* j f* dx 

J a-W 2 V (i-xpA 


(l_a;2)i * V (l-*2)» 

= — ^r( 1 — x 2 )* -f £ sin ~ 1 jt. 
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substituting and reducing, we have 


y '* x^dx , r r3 Sr i 

(1 -^)i= ~ (1 { 4 + 8 } + 1 Sin ~'*- 

97. Let u r ^ be required. 


Here method (IV.) applies ; a— 1, 6=1, rc= 2, and w=0 
Therefore the formula of reduction becomes, 

y * dx _ x 2r — 3 P dx 

(1 +x 2 ) r 2(r — 1)(1 +x*y~' + 2(r-\)J (1 

By this formula the integral is finally reduced to 
dx . 

r+^ =tan x * 

P dx 

Ex. 1. Let J be required. Here ^=3, 

• C dx — l n r dx 

i+o 3 4(1 +x*y~ t ir ( i -P ’ 

then making r=2 in the formula, 

y "* dx _ x P dx 

( 1 + x*y-'2( 1 + **) + If i+x*~ 

= 2(l+x 2 ) + '* tan_ ' 

therefore substituting this value, and reducing, 

/ * dx x 3 x 3 

(IT*' 7 ? - 4( 1 + x 2 f + 8 ' TT^ 2 + 8 tan *’ 

98. Let f * — — T required. 

t/ x m (% 2 — l) 2 

Here method (III.) applies; « = — 1, 6=1, n= 2, and 
r=£. Hence the formula of reduction becomes, 

P dx __ 1 (x 2 — 1 )* vi —2 P dx 

J x m (x> + m - 1 J ni' 
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By this formula the integral is finally reduced to 
dx 


f— 

*/ x(x 2 


=sec“ 1 x when m is odd* 


m is even* 


*(**-1)* 

and to f ' — — = — — when 

J X 2 (x 2 -1)2 X 

| Ex. 1. Let *w= 3 ; then 

dx (x- — 1)^ , , 

0 V,— -hi sec -1 x. 

x^( x 2 — 1 r ^ x 


x\x 2 —\y 
2. Let m=5 ; then 


/ 


_(x 2 — 1)* 3 


t ? r 

x®(x® — 1 ^x 4 j- (x 2 — 1 


but 


„ r dx (x 2 -!) 1 . 

t / — r= v — + 2 sec -1 x , 

J x‘(x 2 - 1 f 2x 

y ’ dx (x^-l) 4 , 3 (x 2 -!) 1 , 3 

09. Let f(a 2 —x 2 )*dx, n being odd. 

Here method (II.) applies; a=a-, £= — 1, ?i=2, r= 
and y»=0. Hence the formula of reduction becomes, 

f(a>-x*fdx= X(a *-( y + ^- if (a*--x*p-dx. 
Ex. 1 . Let n=J, and a = 1 , then 

X‘( 1 — x 2 )^ , , . . 

= -^— - 0 — - + £ Sin- 1 or. 


x m dx 

100. Let J (i+&y be required. 


tO i J! 
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Here formula (a) of method (I.) applies; a - ], 1, 

r= — r i n — 2. Hence the formula of reduction becomes 

P x m dx __ 1 af- 1 m- 1 P x"‘~dx 

J(i+x’-y 2r-2 (l+x*y--' + 2r- 2j (T+* 2 )'-' - 

-Ex. 1. Let r=2 ; 

oc^dx x 3 ,3 Px^dx 

(T+^ 2 )-*~ ~ 2(1 +x' 2 )~ r ‘2J ~l+5* 

__ x 3 ,3a: 3 . 

~ 2(l+a«) + 2' 2 tan X ' 

101 . Sometimes it is requisite to employ a combination of’ 

/ * aPdx 

be required. 

( 1 -f-x 2 )* 

Here we shall first reduce the exponent of the denominator 
by the general formula (Art. 100 .); where m=o, and r=z j ; 

y * x*dx__ _ _ x 4 j 4 /* x 3 </x 

(1+a: 2 )* (l-t-a; 2 )* ' J (l+a- 2 )*' 

In order to obtain a formula of reduction for this last ex- 
pression, we have, by tlie general formula of method ( I.), 
making a= 1, b= 1, u — 2, and r=— J ; 


. f xm,lx 1 J--.M i m ~ 1 

’ J(l+x^~ m ( + } rnj { 1^)0 

1, then, 

Pjficlx_ , 2 i_o/_* "/.r 

J (\+a*\ * 3 ( 3 /(l+.r 2 )i 


let aw= 3, then, 

f * x z dx 

(1+* 2 ) 4 " ' ' £f( 

=i(l+**A**-2)i 

hence we have by substitution, 


/i 


xPdx 


(i+**)* (i+W 


— .71 + 30 +**A**-2). 
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/* dx 

102. Let u m — / i be required. 

. ocP'^a + bxy 

Here method (III-) applies ; n— 1, and r=£; hence the 
formula of reduction becomes 

1 {a+bxj 1 b(2m— 3) f* dx 


o(w-l) a:” 1 - 1 + ^ 

By means of this expression the integral is reduced to 


/* dx 

% J x(a + bx)* 


See Ex. 2. p. 145. 


Ex. 1. Let m—2, a= 1, and 5=1, then 


dx _ (1-j-a 1 )* 1 f* dx 

a? 2 (l-fa?)^ x x(l+x)^ 

= _(2±f) 4 _xi 0 „(L+^. 


(!+*)*+! 


103 . Let u 


P x m dv . . _ 

_ = / r be required. 

J (2a*-* 2 ) 4 
. . ,, / • 


• dx 

This expression is the same as / to which method 

«/ (2a — xy 

(I.) applies ; a — 2a, 5= — 1, »=1, r=— and m~m— £ ; 
hence the formula of reduction becomes, 

a*™-* (2a— x)* a(2m — 1 ) Px m ~$dx 

u m — f-— — / . 

m >tn J (2a-x) 

^ a?” 1-1 ( 2 ax — <7(2 ^ — 1 ) z 1 #”*- Wa 1 

w t/ (2a# — a; 2 )^ 

By means of this expression the integral is finally reduced 


dx . x 

. =vers _1 -. 

(2 ax—x*y a 


1 
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Ex . 1. Letm=l, then 


f — - =-(2ax-x i ) i +a f - — — 
t/ ( 2ax — x 2 y J (2ax — i 


= —(2ax — a? 2 )*-|- a vers” 1 ^. 

2. Let m= 2, then 

/ * - *fo ffr r^ + 3a P — 

</ (2ax—.v' 2 ) l> 2 2 */ (2ax—x 2 )^ 

=-<*»-*.)*(? 

by substitution and reduction. 

104. To integrate exponential and logarithmic functions. 
Integrating by parts, we have, 

/e“x*&=— fe ax xf l ~'dx. 

J a a J 


? 2&r. 1. If n= 1 ; 


feP*xdx- 


e^x e«* 


2. If 72 = 2 ; 


O 

fe ax x 2 dx=— ^fe^xdx 


_ e ar x 2 2fc az x g*1 
~~~a~ ala a 2 J 

f # 2 2a? 1.21 

=^1 ~ o 3 f " 

la a 2 a 3 J 


.3.2.J.1 
a 5 J * 
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In like manner, we have, 


dx 

x n 


e” a peP*dx 

~ (n—l)ar~ l+ n—lj a*-” 

/ d^dx 
— — . 

( 4. If rc=2, and a = l ; 

Pe?dx _ e* ferdx 
J X 1 ~ X X) X 

5. If w=3, and a= 1 ; 

/2 s - -£+/£=■ *“>“■• 

-£+*{-?+/?} 

e* , _ v . f*e*dx 

2 pG +*) + */ IT' 

f'g'dx * 

To integrate / we have, by multiplying the develop- 


ment of e by 




e*dx dx dx , xdx x*dx , n 

— =— + T + T - 2 +r 2 ~ 3 + &c ' 

'-fir= Xo z x+x+ & + y^¥ + &c - 

105 . Integrating by parts, 

/-(log -^^j/* m (log*)"“‘«f** 
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Ex, 1. If »t= 4, and 1 ; 

log xdx— ^ - \ fatdx—— (log x— £}. 

i 2. fx 2 log xdx=~ {log x— . 

3 .fx 2 (log x) 2 dx= — — —ifx' 1 (log x)dx 

_x* (log x) 2 a f x 3 log x _ , a? \ 

3 3 

= 3 {(l°g®) 2 -| logx+f}. 

| 4.jV(log x) 2 dx=~ {(log x ) 2 — £ log x+l}. 


Integration of Circular Functions . 

106 . Functions of the form sin 7 ”.*: cos n xdx may be inte- 
grated by methods similar to those applied in the preceding 
sections. 


(I.) When one of the indices is an odd positive integer, 
as m=2r+ 1. 

Since sin w a?=(sin 2 #) r sin #=(1 — cos 2 #) r sin x 9 

/ sin 7 ”# cos n #e&r= / cos”;r( 1 — cos 2 a:) r sin xdx 
= / cos" x ( 1 — cos 2 x ) r d cos x . 

Since r is an integer, by expanding the binomial, the 
expression will consist of a finite number of terms, each of 
which may be integrated by rule 3. This will of course 
apply to f sin 27 * 4 l xdx. 
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( 0 r . o 4 , cos 5 a? cos 3 # 

2. f sira: cos 2 #<2#= — g — . 


3. f Bin 5 xdx= /( 1 — cos 2 #) 2 sin xdx 
= — / (1 — 2 cos 2 x + cos 4 x)d cos x = — cos x 4- 


2 cos 3 # cos 5 # 


. r . - , cos 3 a: 

4. / sin 3 #a#= — g cos #. 

. ^ , cos n+1 # , cos n+3 # 

J w + 1 n + 3 

Similarly, when ra=2r-fl, we have, 

f sin m # cos n #e ?#= f sin m #(l — sin 2 #) r cos xdx 

=/ sin m #( 1 — sin 2 #) r «/ sin # , 

which is integrated as in the last case. 

Ex. 1. f sin 2 # cos h xdx= f sin 2 #(l — sin 2 #) 2 cos xdx 


2. /sin 4 # cos 3 #d#=— . 

cin n '^l t* i* 

i 3. /sin n # cos 3 #d#= - — . 

J r* + l ra + 3 


— 2 sin 4 

#-l-sin 6 i 

2 sin 5 # 

sin 7 # 

5 

+ 7 

sin 5 # 

sin 7 * 

5 

7~' 

sin”* 1 # sin n+3 , 


(II.) When aw-fw=— 2r, an even negative integer, 
sin w # cos n #=tan m # cos m+n # = tan m # sec 2r # 

= tan™ #( 1 + tnn 2 #) r ~ 1 sec 2 # ; 

/, /sin m # eos n xdx=J tan m #(l +tan 2 #) r - 1 see 2 xdx 
= /tan m #(l +tan 2 #) r ~*c? tan #, 
which is integrable as before. 

i 3 
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Ex p dx r 8ec 10 xdx f 7 ( 1 -f tan 2 x) 4 d tan x 

^/sin 6 # cos 4 #~^/ tan 6 a? J tan 6 a; 

putting z for tan x , 


= _:l_±_? + 4*+* 3 . 

5s 5 3s 3 2 T 3 


(III.) The expressions fsin n xdx and fcos n xdx can always 
be integrated when n is’ an integer, by developing the power 
of sin x or cos x , as the case may be, in a series according 
to the multiples of the arc x. 


Ex. 1. Jco S ^dx=f{^ + 


cos 5x 5 cos 3a? 5 cos x 1 

16 + 16 + 8 j 


sin 6x 5 sin 3a? 5 sin a? 


^ . a , cos 3a? 3 cos x 

2. Jsm 3 xdx — — yy 5 


„ . _ _ x sin lx 

3. J su\ 2 xdx~2 ^ — . 


\ _ . . , sin 4# sin 2a? 3a? 

\ 4. f sin 4 xdx^-~22 4 ^ 8 ' 


107. When neither of the conditions of Art. 106 . is satis- 
fied, we must proceed by the method of reduction. 

(I.) To reduce rn in w w =/sin m a? cos 1 l xdx 1 where n is either 
positive or negative. 

Integrating by parts, we have, 
u m ~ — f sin m -'x cos n xd cos x 

sin ” 1- " 1 x cos n+l x , w — l , . _ « „ - , f v 

H 7 1 sin™ ‘ 2 x cos" *xdx . . . (a). 

IM - 1 »+ 1 
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But f sin”*- 2 # coa H+i xdx= /sin” 1 - 2 # cos*# (1 — si n*x)dx 

— U m—1 U m' 

Therefore, substituting this in eq. (a), and solving for u m 
sin”*- 1 x cos n+1 x m — 1 

U m = : h — U 


m + n 


m-\-n 


After the same method the index n is reduced, supposing 
it to be positive, and m either positive or negative. 

Ex. 1. Let m=3, and ?i= —8 ; then 

/ sin 3 #<f#_ sin 2 # 2 Psinxdx 

cos 8 # — 5 cos 7 # 5</ cos 8 # 

sin 2 # 2 

~ 5 cos 7 # 5.7 cos 7 # * 

r sin 3 xdx _ — 1 — , . a 
' J cos 4 * cos 3 *^ J ' 

3. Let 0, then 

j „ , sin**- 1 # cos# ni~l 

1 w m = J sin m #rf#= H ; 

m ^ mm 

a formula by which /sin m #cZ# is reduced to— cos # or #, 
according asm is odd or even. 

I , f*&m*xdx 

4. / — — o — =cos#-fsec#. 

cos 2 # 

(II.) To reduce n in u n = / — where m is either 

x ' n J cos” x 

positive or negative. 

Multiplying by cos 2 # + sin 2 #= 1, and splitting, we have, 

/ sin m #(cos 2 # f sin 2 x)dx , P sin m+ *xdx 

cos"# — W a-S J Q Q S n x 
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Now, integrating by parts, we have, 

/ sin m+ *xdx r • m+i d { 

= — f sin m+1 # . - 

COS*# J cc 


cos”- 1 # n- 1 *-* 

Substituting this in the equation for u n , and reducing, 

_ sin m + x x n — m — 2 

Un ~~(n— 1) cos*- 1 #"* - «-l 

After the same method m is reduced in the formul 


/ cos" xdx 
sin m # 


Ex. 1. Let m=0, then 


/ * dx __ __ __ sin x n — 2 

cos' 1 # ~~ U ’ l ~(/i — i ) cos'*- 1 x + n — 1 U 

y * dx ___ sin x ( 4 

cos 6 # 5 cos 5 x + 


sin x 2 
“ 4— 3To 7 3 7 + 3“ j ’ 

/ “ dx 

u 2 = / — „ =tan x ; 

J cos* 2 # 

dx _ sin x 4 sin x 4.2 
cos®#""" 5 cos* a? 3 . <3 cos 3 # +5 . 3 * an r ’ 

0 f dx sin x 1. 4 f 7r x 1 

cos 3 # ~2 cos 2 # 2 ° to an i 4 ^2 J 

(III.) Since d tan #=(1 -f tan- x)dx ; 

.% ftm m xdx= f tan m ~ 2 #( J + tan 2 #—l)<fo 

= f tan’” 2 xd tan # — J tiui m ~- 2 xdx 
tan TO “ 1 x 

— ~ ./ tnn«-*.rcfe. 
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Ex. 1. f tan 4 xdx—\ tan 3 a?— f tan 2 xdx 

2 = 1 tan 3 x — tan x -f x. ( Ex . 9«, p, 137.) 

I 2. f tan 3 xdx = J- tan 2 x -f log cos x . 

* 

In like manner, we have. 



1 + tan- a?— tan -x)dx 
tan m x 


-i r dx 

(m — 1 )tan m_1 x J tan” 1 - 2 x 


i 0 p dx — 1 1 , , 

J ,/ tan r, ar~4 tan 4 a; 2 tan- a; °g sin 

5 

108 . Functions of the form a? cos x and af sin x may be 
integrated, by repeating the operation of integration by 
parts. 

Ex. 1 . J'x . sin xdx = — a: cos a: -f /cos a:<£r 
= — x cos a; + sin a;. 

2. J x 2 . cos xdx~x 2 sin x—2fx sin xdx 

=a: 2 sina:-f2(a; cos a:— sin a?). 

3. f x cos xdx — a: sin a: 4- cos x. 

4. f x 3 cosa%fa;~x 5 sin a:-f3a: 2 cos a: — 6x sin x— 6 cos x. 


109 . To integrate e (JX sin nxdx, See. 

By a double integration by parts, we have, 

1 71 

J e ax sin nxdx=- e ax sin nx />* x cos nxdx 

J a a J 


= -e ax sin nx- 
a 


e M cos nx -f - f sin wxdx T . 
a or J 


Solving this eq. for the value of fe ax sin nxdx , we obtain 


fe™ sin nxdx—e ax 


a sm nx—n cos nx 
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Similarly, f e™ cos nxdx—eP* 


a cos nx+n sin war 
n 2 -f a 2 


110 . By substituting for cos*# and sin"#, their develop- 
ments in sines and cosines of multiple arcs, the integrals of. 
e ix gj xi n xdx and e ax cos n xdx may be obtained. 

Ex. f e* sin 2 x—f e x {\ — ^ cos 2 x)dx 

—?J e*dx—^f e x cos 2xdx 

__ e* e x cos 2x -f 2 sin 2# 

~ 2"~2 5 


DEFINITE INTEGRALS. — INTEGRATION DY SERIES. 


111 . In order to determine the value of the arbitrary con- 
stant c in an integral expression, we must first ascertain, 
from the problem proposed, what particular value of the 
variable x makes the integral 0; by this means we shall 
have obtained two equations, each containing c, from which 

x^ 

c may therefore be eliminated. Thus we have f x 3 dx~-£ + c 

for the general value of the integral : now suppose the 
problem indicates that the integral becomes 0 when #=a, 

then 0= ^ -j- C ; therefore, by subtraction, we find the corrected 


px a \ px 

integral to be / x&dx=~r- — r . Here the symbol / is now 

prefixed to indicate that the integration is taken from the 
limit #=a, that is, the value of the integral commences when 
#•= a. This form is called the corrected integral, which, as 
we have seen, assumes the commencement of the integral, 
but does not assign any particular value to x , so as to fix the 
final limit of the integral ; now if we suppose x to take some 

6 4 a 4 

particular value, say b, we havey x 3 dx=— — which is 


called the definite integral taken between the limits #=a 
and x~b ; where a is called the inferior limit, and b the 
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superior limit. Generally, let ff(jx)dx— F(a?)-j-C; now if the 
integral is 0 when #==«, then 0=F(a)-|-c; therefore, by 
subtraction, 

[x)dx=T?(x)—T?(a), which is the corrected integral 
If x now takes the particular value b 9 then 

b 

f{x)dx=F(b)—F(a), which is the definite integral. 




Hence it follows, that the definite integral of an expression 
is equal to the difference of the values assumed by the general 
integral, when b and a (the limits) are successively substi- 
tuted for the variable x. Moreover as every function of x 
may be supposed to represent the ordinate of a curve, 
the abscissa being x 9 the problem of finding the value of 


/ 


f{x)dx 9 is equivalent to finding the area of a curve in- 


cluded between the ordinates corresponding to x—a 9 x=b. 
(See examples on the area of curves.) 


Examples. 


1. To find the value of the definite integral^ (1 +x) n dx . 
Here the general integral is 


/( 1 (l+ff)" +1 H-c, 

therefore making successively ar=l, #=(), and subtracting 
the results, we find 


/ 


• i i 

(1 +x) n dx=z 


. 2 n+1 hr = — !- r (2” + , -l). 

+ 1 » -f l W+1 V 


2. To find the value of 


<j ■ 


cos x dx. 


The general integral is /cos#d.r==sin;r4-c ; therefore, 
making successively a?=^7r, a?=0, and subtracting the results, 
we find 



ISO 


INTEGRAL CALCULUS. 


s: 


cos xdxss sin ^-tt— sin 0= 1. 


3. To find the value of^ (1 —xrfdx. 

Here, by Ex. 1., Art. 99., the general value of the integral 
is /(l— sin^ar+c, 

(1 sin-' 1 - l Sin->0=| . " 

f 1 1 x* n dx 

4. To find the value of the definite integral / 

Jo (l-a»)* 

In the formula of reduction, Art. 96., put 2 n for m, then 
we have 

X 2n ~' 1(1 — ^2)i 2jl— 1 /' x ln -~dx 
2n + ““ 


_ r x 2n dx 

”T/( 1-^)*“ 


2w 


1 Pa*-*dx 

J (1— 


1 2w-l 

~ 2» y *“- 1 + 2rc ' 


by putting, for the sake of conciseness, q 2n _ 1 for # 2 ”~ ! (1 —x 2 )^* 

Let n— 1, n — 2, . . ., 1, 0 be put successively for n , in the 
above equation, then we have 

_ 1 2n-\ 

Uin ~~ 2n q2n ~ l + ~~2n U *"~‘ 

1 2w-3 

2n—2 + 2n - 2 Win ~* 


~~ 2n- 4 q ' ln - 5 + 2/*-4 W2n ~ 6 


?/ 2 — — i 

w 0 =sin~ 1 x. 

In order to eliminate all the u% excepting the first, mul- 
tiply the second equation by the coefficient of u 2 ,^ 2 in the 
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first, the third by the resulting coefficient of w 2w-4 in the 
second, and so on ; then add the equations thus obtained, and 
strike out the terms common to both sides of the resulting 
equation ; hence we find 


_ _ f 9V-i 
l 2 n 


(2w-l)y attJ 
' 2 «( 2 »- 2 ) 


(2«— 1)...3. 1 
2«(2n— 2).. .4. 2 


sin ^-fc, 


which is the general value of the integral. 


Now if the integral becomes 0, when #=0; then c=0, 

for g 271-1 — ^^ (1 — # 2 ) =0, when x~0, and so on to all the 
other r/s. 


When a?=l, all the q's become 0, and sin -1 


it 



f n x 2n dx (2w — 1) (2ii— 3). ..3. 1 % 

' Jo 2 

This result may be more readily obtained by the method 
employed in the following examples. 

5. To find the value of q m = sii \ m xdx. 

Here, by Ex. 3. p. 175., the general formula of reduction is, 


8in wJ x cos x , m — 1 

-f — - u u 

m m 


in which, if we make successively a?= A-ir, x=0 , and subtract 
the results, (or, what is the same thing, take the integral 
of both sides between the same limits,) we shall find that the 
integrated part vanishes by both substitutions, and then we 
have 


_jn—\ 

9 m j 9rn~2J 


where q m is the definite integral, u m being the general one. 
Now, making m successively 2, 4, 6 . . . iw, we have 
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/**"■ x 

§'2 = i9 r o == i^ dx—\ . 


Vi— i#2> 


#6— §V4> 


5*71—2 


m—S 


m — 2 
— 1 


5m— 4> 


m 


5^m— 2 5 


multiplying all these equations together, and striking out the 
factors common to both sides, we have, when m is even. 


, 1 . 3 . 5 . ..(m— 3) (w— 1 ) v 

sm m xdx — — 0 - a ~ “ • o- 

2 . 4. 6...(ra~2) m 2 


5^ orjf sir 

When m is odd, the first integral in the above series is 
q z —^q x —^j sin xdx= :f(— cos j-v-f cos 0)— 2 , 


■J 


■*' . m . 2.4. — 1) 

sm m mr= — - 0 — 

o.o. / ...n 


6. To find the value of g n ==f* (a 2 — a? 2 ; 2 , n being odd. 

Here the general formula of reduction is given in Art. 99 . 
If we make successively a?=a, x=O f in this formula, we shall 
find that the integrated part vanishes by both substitutions; 
hence, by taking the integration on both sides between the 
same limits, we find 

/ i a n Yicfi ° w -2 

(a 2 —x 2 ydx =— pyjf (a 2 — x 2 ) 2 dx ; 
making w successively 1, 3, 5, &c., we find 

^ j (a 2 --a? 2 )W==^^y^ (a 2 — a7 2 )“W=^. 

/ (a 2 — x 2 )*dx = ^ (a 2 — x 2 )*dx. 
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(a 2 — a? 2 )3efo?= j ^ ( a 2 — x*f-dx, 




dx ; 


multiplying these equations together, and then striking out 
the factors common to both sides, we find 



1.3.5...n 
2.4.6 ...(?* 4- 1) * 


7T a n±x 
~2 


112 . When a proposed differential expression cannot be 
integrated by any of the ordinary methods, it must be ex- 
panded in an infinite series, and then each term can be sepa- 
rately integrated. There are also many important expansions 
which may be obtained from the integration of a series. 


Examples. 


1. Let tan 1 ar=^-^ 2 -fc be required in a series. 


By division, we have 

— — x 2 -hx 4 -ofi -f &c.)dx, 

. / > dx x 3 , x 5 _ 

+--&C.+C; 

but when a?=0, tan- 1 a;— tan -1 0=0, c=0; 

i x 3 x* Q 
/. tan l — x — + g — &c. 


2. Let sin -1 £= /— 

*/ (1— a; 2 )* 


4 c be required in a series. 
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By the binomial theorem, 


&c.)^ 


sin -1 x=f(l —x 2 ) ~^dx 


. a* . 1 . 3** , 1 . 3 . 5ar» , „ . 

~ X+ 2 . 3 + 2 . 4 . 5 + 2 . 4 . 6 . 7 + &C ‘ ; t 0-0 )' 


Pdx 

3. Let log e ( 1 -f x) = | j-q— -f c be required 


in a senes. 


doc 

By division, y-j~ = (l— x+x 2 — a^-f 8ac.)dx, 


’■ \og e (\+x)-Jj 


dx x 2 x 3 a 

+i =X -2 + 3~ &C - +Ci 


but when a?=0, log c (1 +#)=log e 1=0, c=0; 

log e (l+a?)=a?— |-+| — &c. 


4. To find 




By division, j— —=l+x+x i + &c. ... (1), 
also by Art. 63. 

»-=l +!2S^+(!2t2^ + te , ... (2)i 

multi plying (1) and (2) 

T ^=l+(l+loga)x+^l+i2|-?+^-^a; !! + &c. ; 
multiplying both sides by dx, and integrating, 
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/'S=*+<i +"* -)f + (i + !?fi + <!5|£2!)f + (kc+c 


5. To find 


1 f 

(c — x) 


(c — x)^(2ax — a? 2 ) 2 
By the binomial theorem, 

1 1 (\ 1 A , 1 * , 1 • 3 a; 2 . \ 

c) - c al 1+ 2' C + 2.4-c 2+&C -J’ 

r r~ T- 

•J (c—xf(2ax — a? 2 )s 

l r dx f , , 1 * . 1 . 3 * 2 , 0 1 

2 * e + 2 . 4 * c 2 + &C J ’ 

where the integrations evidently depend upon the general 
formula of reduction given in Art. 103 . 


APPLICATION OF THE INTEGRAL CALCULUS. 

TO FIND TIIE AREAS OF PLANE SURFACES. 

113 . Differential of areas . Let an and np be the co- 
ordinates of the point p in the plane 
curve apqc; am and mq those of 
the point Q. Draw Q r and vl parallel 
to a n, and produce np to meet Qr in 
r Put a N= a?, np =?/, nm —h, and 
ar^a anp=a. Now, conceiving the 
ordinate np to move from N to m, we 
shall have Incr. x—h, Incr. y=Q l, 

Incr. A=area npqm ; and since the magnitude of a depends 
upon x (for as x changes a also changes), it follows that a 
must be some function of x. 



area nrqm__nm . mq 
area npl m N M . np 


mq y incr. y 

np" ~y 


i \ incr * y 

y # 
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Now as h approaches 0, Incr. y approaches 0 ; hence, by 
taking the limiting values of both sides of this equality, we 
have, 

.. area nrqm _ 

limit =1; 

area nplm 


but Incr. a, or area ntqm, is always greater than area nplm 
and less than area nrqm, a fortiori, 

.. . areaNPQM - 

limit =1 

area nplm 

Now area NPQM=Incr. a, and area nplm=^ . h, 


limit 


y 


incr. a 


1 tfA 
y' dx ’ 


or dk=ydx . . . (2), 


which is the differential expression of the area of any plane 
curve. By taking the integral, we have, 

A =fydx . . . (3). 

This integral, after being corrected, by means of the limits 
in the proposed problem, gives the expression for the area of 
a plane curve related to rectangular co-ordinates. When 
the equation to the curve is given, the value of y may, in 
general, be found in terms of x ; and then ydx , the differen- 
tial of the area, may be integrated by means of the rules 
given in the preceding articles. 

In order to show the connection between an area and its 
differential, let us take a simple illustration . If the base of a 
right-angled triangle be x , and its perpendicular y=2x, then 
the area a = \xy = x- ; 

differehting this, we find the differential of the area to be 
expressed by v 


r, or ydx ; 
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hence, by integration, 

A=f2xdx=x 2 , 
which we already know to be the case. 


Examples. 


1. To find the area of 
the right-angled triangle 

CNP. 

LetCN=5 , np=/, co=x, 
and o&=y ; then, by simi- 
lar triangles, 

to 

r : y:\b : l, /. y= b . 




lx 2 
2b 


+ C. 


In order to find c, let x~0, then area=0, and this equa- 
tion becomes 0=0 -be, c=0. 


Hence a=^, which is the expression for the area of the 

triangle cob. When £=b, that is when co becomes equal 
to cn, we have 


area cnp 




IV 

2b 


IK 

2 * 


2. To find the area of the parabola. (See fig . p. 15.) 
- Let on— a?, and np - y, then 

y 2 ~4iax, y=2a?x*> 


* The area included between the ordinates os and np of any curve, is 
found from the general integral fydx by making successively j:=cn — b t 
x = co =»a, and subtracting the latter result from the former; but this is 
equivalent to taking the integral between the limits x — a, x — bi 

ydx es area obn p. 


j: 
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.\ area ONP==y'^a?==y2a^^r==f 

Here, as in the last example, c=0, since area=0, when 

a?=0, 

areaoNP=^ ydx = 4J ci*x% = § xy, 



substituting the value of y. Hence the area of a parabola is 
equal to § of the circumscribed rectangle. 

3. To find the area of the circle. 

Let CN=r, NP-^, cp or radius 
= a ; then y = (a 2 — x 2 )\ 

area cnpd —fydx=J'(a 2 —x 2 )idx 

=g- sin-'l+gCa^-^ + c, 

See i&r. 3. p. 156. v 

Here c=0, since area = 0, when «r— 0. 

X 

The value of sin -1 - can only be calculated by approxima- 
tion from an infinite series. See Art. 65 . 

If x=a> the area cnpd becomes the quadrant acd, 

S' a a 2 no 2 

quadrant acd ==y (a 2 -r 2 )^=-g sin^lrr-j , 

A area whole circle adbq = *ra 2 . 


Cor. 1. If AN=ar, NP=7/=(2aa;— a’ 2 )^. 


area anp 


(2ax—x 2 )^dx. 


(See Ex. 5. p. 156.) 


Obs. It should be remembered that /(aP—xtfidx expresses 
the circular area cnpd, where x is the cosine to radius a , 
and J\2ax—x 2 )^dx the circular area anp, where x is the 
versine to radius a . 
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4. To find the area of the ellipse. (See fig . p. 16.) 

Let CN=#, np=^ then 3/=^ (a 2 — # 2 )\ 

.% areaCNPB=/yrfa?=' /(a 2 — a: 2 )W 

6 . 

= circ. area cnp,b„ 
a 

where ab 1 dm 1 is a circle described upon the major axis. 

.*• elliptic quadrant dcb=^ circ. quadrant DCBj 

b it a - nab 

~a “4 4~* 

area whole ellipse=7r«Z/. 

b. To find the area of the hyperbola. (See fig. p. 114. ) 
Taking the centre c for the origin, cn=#, NP=iy, 

y=j (**-«*& 

area Avr=fydx=^J(x 2 —a 2 )idx. (See Ex. 2. p. loo.) 

- “ { | (* 2 - a *)* ~ \ lo g (x + } +< c. 

Now, when *=cA=ffi, area anp=0, 0= -—log a+c, 

A 

ab , ... 

c== "2‘ a ’> substituting this value of c, and reducing, 

we have 

ocy ab . x+(a: 2 —a*)* 

area anp=-| — — log 



190 


INTEGRAL CALCULUS. 


Cor. Let the points c and p be joined* then 
area sector cap=acnp — area anp 
ab . ^x + (x 2 — a a )^ 

__ l0 g - 


ab , 

=- 2 -i°5 


{-A}- 


6. To find the area of the witch. (See Jig. p. 19 .) 

Let on=£P, NP=y, OB=2r, then 

y j&r*-*) }. (See Art. 22.) 

area =/ ydx==2rj^- ^ rx * )^ . (g ee g. p . 144.) 

= 2r (2 rr — r 2 )i -j- r versin -1 - +c, 

and C— 0, since area =0, when a?=0. 

Let r=2r, then the whole area OBPD=2r x nr 
=2'irr 2 — 2 (area semicircle o p 1 b). 


7. To find the area of the cissoid. ( See Jig . p. 20.; 

3 

Hero y— — — ,. ( See Art. 23 .) 

(2 r-x)* 

area ONP=/ ydx— C — X — . (See Ex. 8. p. 157.) 

(2 r — xp 

= — 2x* (2r — 3 f(2rx — x 2 )^dx 

~ —2x (2rx — x 2 )* + 3 (circ. area 6 nk). 

(See Obs. to Ex. 3. p. 188.) Let r=2r then the whole 
area ob cp contained between the curve and its asymptote = 
3 (area semicircle okb). 
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8. To find the area, of the logarithmic curve. 
Here y=a x , See Art. 24. 

*\ area o N p b =/ ydx = f a x dx 
a x 

— log a + c ' 

f a 0 

now when x=0, area=0, ,\ 0=r he* 

10£T Cl 


•\ C= T , 

logo 

*\ area onpd^ — f a x —a 0 } ==-— ?— (np— ob) 
log a 1 J log ar J 

= subtan. to p x (np-ob). 

9. To find the area of the catenary, the equation being 

QJ X X 

y=2( e “+ c_ °); 

area =z^ydx==J * ? (e“+ e~ a )dx 

=%{e*~e «)+c(=0). 


10. To find the areas of the spaces ovko and apoa in 
Ex . 1 ., page 123. 

Here y—x?- h3a? 2 + 2a?; hence we have the following 
general expression for the area, 

A=f ydx—f -f 3a; 2 -f 2x)dx 

-ba^a^ + c . . .(1) 

In order to find the area ovko, let at and tv be the 
co-ordinates limiting the area otv; then when #=ao= — 1, 
thearea=0; **. 0 =^— 1 4 - 1 -fc , c=— 
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and when a?=AK=2, we have, 


area ovko 


^ ydx= 


16-8 + 4-£=-£. 


This result is minus , because # and y in the curve ovk 
have different signs. Irrespective of position the area is £. 

To find the area apoa ; let an and pn be the co-ordi- 
nates limiting the area apn ; then in eq. (1 j t;~0, since 
rr=0, when area = 0 ; 


area apn 


— ydx—\&—d(? + x l ; 


and when x—AO— 1, we have, 


area apoa 


tT* 


ydx— 


-i+i=h 


This result is plus, because x and y throughout the curve 
apo have the same sign. 


TO FIND THE LENGTHS OF CURVES. 

114 . Lemma . If s' be the length of the arc pq, and c the 

s ' 

length of the chord pq, then ~ = 1, when s' and c approach 
0. (See Jig., page 41.) 

Let tpd be the tangent to the point p ; draw qd perpen- 
dicular to pd, and put/_QPD — 6 ; then, Geo. Art. 73., we 
have, 

arc PQ > chord pq< pd+qd; 

but from the right-angled triangle rDQ, we have, 
pd=c cos 0, and qd=c sin 0 ; 

s'>c<c cos 6 + c sin 6 ; 

s' 

# \ - > 1 < cos 0-f sin 0. 
c 
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Now, by the definition of a tangent, Art. 33., when s' ap- 
proaches 0, the limiting’ value of 6 is 0, and therefore the 
limiting value of cos 0-j-sin 0 is 1 ; 

j s' 

limit - > 1 < 1, that is, limit — = 1. 
c c 


1X5. To find the differential of the arc of the curve. Let 
an=#, np =y 9 nm=pl=A or incr. x, arc ap=s; then 
LQ=incr. y, and arc PQ=incr. s. 

Now, since the magnitude of s depends upon x, it follows 
that s must be some function of x . 


From the right-angled triangle plq, we have, 
(chord pq) 2 =pl 2 + lq 2 , or 

c '= /<2 + ( in cr. yf ; |*= 1 + * 5 

/ jjjgr, s'N * 

multiplying by f — j , we have, 

( incr. * /incr. A f /incr. y\ * *1 

~tt ) c ) 1 h It ; j- 

Now when h approaches 0, the limiting value of 


mcr. s 


ds . „ mcr. s 

=-r-, that of = 

ax c 

; hence we have, 
ax 


:1, by Art. 114., and that of — J— 


(£)'=>+($)'• , 
ds— ^ 1 -)- QjrQ | dx, or ds*=dx 1 + dy\* 


* If, according to the method of infinitesimals, we may be allowed to 
consider an infinitely small arc pq as a straight line coinciding with its 
chord, and to put n, = rfz, LQ = (fy, and arc pq m*ds, which conditions 
really obtain at the limits, then we readily find 

pq^pl' + lq', that is, </#* =«tr* + <fy*. 
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Hence we have by integration, 

Examples. 

1. To find the length of an arc of a parabola. 

Here, the equation of the curve is y 2 =4aar ; 

dy _2a m /6?jA*__4a 2 __a 
dx-j ; \dbc) -y ~- x ; 

--/{**( 

j. 

= (x 2 4 - axf + - log + -fc. 2£z. 9., p. 144. 

And *=0, when a:=0; O=glog| + c ; hence, eli- 
minating c between these two equations, and reducing, 

.=(*+«) 4! log 

2. To find the length of the arc of the semicubical para- 
bola, whose equation is y 2 =aV. 

2 dy 3 ax^ 

Her ey=ax\ /. ^=-y- ; 

_(4+9a 2 «)5 
27tf +C ' 

If *=0, x—0 ; 0=27^i+°; c= ~27a i? 
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_(4+9aV)?— 8 
*’• 27a* 

This was the first curve which was rectified. The honour 
of the discovery is due to W. Neil. 

3. To find the length of a circular ap. See fig. p. 188. 
Let AN=a?, PN=y, ac the radius =a, and arc Ar =$; 


y=(2aa?— x 2 )^ ; 


a — x 


dx (2ax—x*fi' 

. ds= [ 1 1 ( a -*y \ l dx= ° dx 

1 2ax—x i J (2ax-x 3 )i ; 

$=a/2 — — ,=a versin- 1 -4-c ; (See Art. 89.) 

(2a#-— a; 2 ) 5 a 

and C— 0, since 5=0, when #=0. 


When x=a , the length of quadrant ad=-, and the 

J 

whole circumference —2na. 

Ohs . The various expressions for the differential of a 
circular arc whose radius is a, should be carefully remem- 
bered ; as for example, 

, adx adx 

ds=z r = . 

(2 ax—x 2 )} V 

4. To find the length of the arc of an ellipse. 


Here y=£(a 2 -* 2 )* %=-~- 


de a (a 1 —x*)i ' 

. n i {dyV— i i ^ a> — **»* 

* # • \dx) * r a 2 (a 2 — a? 2 ) a 2 — a? * 


by putting e* for 


a* — 
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S =J { } 'dx=af { } dz (putting az for af 

f* dz f _ e 2 z 8 e i z i 1 . 3e 6 z 6 1 

2 2A 2 . 4 . 6 — ^ C ‘ J ’ 

expanding (1 — e*z*)* by the binomial theorem. 

/ * 2^ n dx 

r. Let the 


length of the quadrant be required ; then we must integrate 
from a?=0 to x=a, that is, since az=x, from z= 0 to 2=1 ; 
hence we have, by Ex. 4., p. 180., 

** z 2n dz 1 . 3 . . . (2n — 1) -xt 

2 ; 


r 

Jo ( 


2 . 4 ... 2n 

hence making successively w=l, 2, 3, &c., 
z 2 dz 1 v p i z*dz 1 . 3 t r fl 
(1-^-2-2>J o(1 _^-2.4-2> 

therefore the length of the quadrant of the ellipse 


irfl J 


1 - 8 . 

&cl 

= 2 1 

L 2* 

2 2 . 4 2 

2 2 . 4 s . 6 2 J 


a series which converges rapidly when e is a small fraction. 


TO FIND THE VOLUMES AND SURFACES OF SOLIDS. 

Differential of the Volume of a Solid of Revolution. 

116 . Let v=the volume of the solid generated by the 
revolution of apn round the axis am; k q 

an=# ; NP=y; NM=4=Incr. x ; then 
ql or rp = Incr. y , and Incr. v = the 
solid generated by the revolution of a 
npqm. Now the solids generated by 
the revolution of the rectangles r m and 
km, are the cylinders vt,lp and rq qr, 
whose solidities may be found by Ex. 20. p. 33. 
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• solidity cyl. RQyr _ ?r . bn 2 . nm rn 2 

solidity cyl. pl Ip . pn 2 . nm ~pn 2 

_(y+Incr .y) 2 _/% , Incr. y\ 2 


Now as A approaches 0, Incr. y also approaches 0, 


limiting value of 


solidity cyl. EQ^r 
solidity cyl. pl Ip 


But the solid p Qqp is always intermediate between the 
two cylinders, a fortiori , 

limit 1 . 

solidity cyl. Thlp 


now solidity PQ^/?=Incr. V, and solidity cyl. pl lp—iry 2 k. 


limit — , 
ny 2 


1 Incr. v 


h 


= 1 , 


1 dv ! 

ip • dx 


dv 

•\ ^=7 rp, or dv=iry 2 dx ... (I) 


which is the differential expression of the volume of any 
solid of revolution. By taking the integral we have 
v=tt j y 2 dx . . . (2) 


Differential of the Surface of a Solid of Revolution. 


117 . Let S= the surface generated by the revolution of 
the arc ap(=s) round the axis ab ; 
and Incr. £= the surface generated 
by the arc pq or Incr. s, due to the 
increment nm given to x. 

On pl and qr produced take p l 
and Q r each equal to the length of the 
arc PQ ; then p / and Qr will generate 
cylindrical surfaces : therefore by 
Ex. 20. p. 33., we have 
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sur f, gen, by Qr _ 2v . qm . Qr _QM 
surf. gen. by pZ 2t r . pn . p l pn 

_y+Incr.y , Incr . y 

_1+- 1T’ 


limiting value of 


surf. gen, by Q r_ ^ 
surf. gen. by pI~~ 


But the surface generated by the arc pq is obviously 
greater than the surface generated by vl } and less than that 
generated by Qr; therefore a fortiori 


„ surt. gen. by ] 

limiting value ot — «--■ , — 

65 surf. gen. by : 


limiting value of 


1 Incr. S 


2vy * Incr. s 


Now since S is some function of s , at the same time s is 
some function of x, therefore when h or ni approaches 0, 
Incr. s as well as Incr. S approaches 0 ; hence the limiting 


value of 


Incr. S . dS 


Incr. 5 


18 ds’ 


1 dS . dS . 

‘-2^-ds =1 ' 0r d7= 2 W 

d S=2*y{\ + QfYdx . . . ( 1 ) 

by substituting the value of ds . 

Hence by integration, we have 

s=2 ^{ i+ G *)’}*• 


118. The differential expressions contained in the two 
preceding articles admit of taking the following forms. 

Thus in eq. ( 1) Art., 116. since -*?/- = area section pj o, 
m \ dv or element of the solid = area section vp x dx. 
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And in eq. (1) Art. 117 ., since 2^= perimeter section pp, 
•\ dS or element of the surface = perimeter section p p x ds. 

Now it is important to observe, that the reasoning, em- 
ployed in establishing these results, holds true whatever may 
be the form of the section pp of the solid, provided that all 
the sections parallel to pp are similar figures, or otherwise 
that they may be expressed by the same general equation. 


Examples. 


1. To find the volume and surface of an 
upright cone. 

Let AD=r, DC— a, cp=x, and KP=y ; 
then 

ad : dc :: kp : cp, that is 



r : a :: y :x, y=~ $ 

a 

, Pr^x^dx nc r 2 x? 

•* V =y- y dx= *J--a?-= 3a* +Cl 

and c — 0, since v=0, when x—0 ; 

Let x=a ; whole cone cab= cylinder of the 

same base and altitude. 

To find the convex surface, we have y— — , 

. (*y V_£? 

” \dx) a v 

*'• s = 2 *fy { 1 + (Xf} hdx ^ r -K^—\f xdx 


irr(a 2 -f r 2 )*x 2 


“H c > 


and c=0, since S— 0, when x — 0. 
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Let x=a ; ,\ convex surface cone CAB=irr(a 2 -fr a ) , » 

=£ circum. base x slant height AC. 

2. To find the volume and surface of a sphere. 

Let cn=x, &n=y, and the radius of 

the sphere =r, then 

y 2 =2 rx—x 2 ... (1) 
v=Trf y 2 dx=nj\2rx—x 2 )dx 
= tc(tx 2 — ^x 1 ) 4- c, and C = 0, 

solidity segment acb= tt x\r — ^r). 

Let #=2r ; then whole sphere =47rr 2 (r— |r)=r|7rr 3 . 

But the solidity of the circumscribing cylinder = 2irr 3 ; 

solidity sphere =§ the circum. cylinder. 

To find the surface, we have by differentiating (1) 
dy_ r—x m fdy \ 2 _ , (r—x) 2 _r 2 

dx ( 2rx-x *)* ** \<&V + 2 rx—x 2 y 2 ’ 

5 - 2ir^y 1 + QjjQ J ^=2 vjy • yLx—2%rx -f c, 

and c=.0; surface segment ACB=2irrx. 

Let x=2r ; then surface whole sphere =4irr 2 . 

Hence the surface of the sphere is equal to the convex 
surface of the circumscribing cylinder. (See Ex. 20. p. 33.) 

3. To find the volume and surface of a paraboloid abd, 
generated by the revolution of the para- 
bola A d b about its axis m D. 

Let T>m—x, and am—y ; 

then y 2 =4a# ... (1), 

volume abd=7t f y 2 dx— tt f \axdx 
=27ra# 2 + c, and c=0, 

volume a BD=.2nax 2 =z\ i ny 2 x=-\ area 
base x perpendicular height. 
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To find the convex surface, we have by differentiating (1), 


dyjta . , 

dx~y' •* 1 + 


(dy\ i _ 4 a a _x+a 
\dx) ~ y 2 ~ x ' 


S=2*Jy^ 1 + j ‘dx—A.na^fix+a^dx. 

= fyrca\x -f a)* -j- c, 

and S—0, when x~0 ; c=— |-7raW; 

surface A BD=^7ra^{(a: + a)^—a5|. 

4. To find the volume of a prolate spheroid, formed by 
the revolution of an ellipse acbd about c 

its major axis A b. 

Let ge=#, and EF=y; 

b 2 

then y l —~ 2 (a L —x 1 ') ; 



/ A 2 

^(a 2 — # 2 )d!2: 

=~ 2 ^o*ar-g-J +C, and c=0, 

volume gen. by CFQD=^^a>— ; 

when a:~GB=a, then volume CDB=§7r& 2 a, and whole solid 
=£ir b 2 a. 

Cor . 1. Comparing this with the expression in Ex. 2, 
sphere on major axis : prolate spheroid : : a 2 ; b 2 . 

5. To find the volume of an oblate spheroid, formed by 
the revolution of an ellipse acbd about its minor axis cd. 
(See li&tfig.) 
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In this case, letGE=y, and ef=#; then 

••• v =lf p (b*-x*)dx=-£ (Px-f-) > 
taking #=£, and doubling the result, we have the whole solid 

Cor. 2. Comparing this with the expression of the last 
example, we find 

prolate spheroid : oblate spheroid \ \ b ; a . 

6. To find the surface of a prolate spheroid. 

Adopting the notation and figure of Ex . 4 ., we have 



by Ex. 3 ., page I06. This is the expression for the surface 
included by the ordinates CD and fq. 

Making x=:a, and doubling the result, we obtain 
surface whole spheroid = {e(l — c 2 /-j-sin _1 c \ . 

7 . To find the volume of a cir- 
cular spindle, formed by the revo- 
lution of the arc hl^ about its 
chord 11Q. 

From o, the centre of the circle, 
draw oie perpendicular to the 
chord HQ; let OE=r, oi = c, 1 m 




TO FIND THE VOLUMES AND SURFACES OF SOLIDS. 203 


=gd=x, D*w=Gi=y ; then od 2 =gd 2 +og 2 , that is, 
r 2 =a? 3 +(y + c) 2 ; 

.% y 2 =r 2 — c* —x 2 — 2cy ; 

/, v—nj'y*dx—'irj{r*--c 2 --x i —2cy)dx 

=ir ( (r 2 — c 2 )x-~— 2cfydx } 

=ir-^(r 2 — c 2 >-^-2c(gen. area i wt D E ) } + C, 

#■ 

and c=o ; which is the volume of the frustum generated by 
the revolution of i wide, and this being doubled will give the 
expression for whole frustum abcd. When a?=iH, the 
volume of the semispindle hef=2tt {^ih 3 — oi x area hie}. 

8. To find the volume of a parabolic spindle, formed by 
the revolution of a parabola heq about its ordinate HQ, 
taken perpendicular to the axis fo of the curve. (See last 

figo 

Let ira=GD=;r, Dw-Gi=y, ie =&, and in=/; then 
Gd 2 =4a x eg, that is, a? 2 =4 a{b—y) ; 

J J1 1’ ! - X‘ f‘dj. 

n r 2 Px 3 , *S 1 , 

= nw\ lx — r + 5 1 +c ’ and c =°’ 

which is an expression for the volume of the frustum gene- 
rated by the revolution of iwide. When #=/, this expres- 
sion gives the volume of the half spindle hef; hence volume 
tt/ 5 

half spindle hef = 2 (1 eliminating a 2 

by means of the equation to the curve. 
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9. To find the volume of a conical solid, the base being 
any given curve. (See^/^. p. 199.) 

Let CP=rc, CD=a, A=area base ab whatever may be its 
form, and A^area section kv; then, from the similar 
figures, we have 

A __AB 2 __CD 2 __a 2 w __ A # 2 
Aj KV^”~CP 2 X 2 ' ** Al "~ a 2 

.% Art. 118., dv or element solid=A 1 c£r= — , 



when x—a, volume abc=J Aa=area base x ^ altitude. 

10. To find the volume and surface 
of a groin, formed by the intersection 
of two semicircular arches with each 
other. 

Here all horizontal sections, such as 
cdn p, will be squares; the vertical 
section, apqmg, parallel to the line 
kr, will be a semicircle; and if am 
be a vertical line, apqm will be a quadrant. 

Let AN=a?, np=^, AM=MQ=fl; then the generating area 
CPDN=CD 2 =4y 2 ; therefore, Art. 118., dv or element solid 
= generating area x dx=4t/ 2 dx—4(2ax—x 2 )dx ; 

v=4j^2ax~x 2 )dx=4(ax t -~ J £^, 

which expresses the volume of the part A CD. When x~ci 9 
the whole volume =£« 3 . 

To find the surface. Perimeter section cdn=8np=8^. 
d S or element surface =perimeter section cdnx^s 

adx 

=8 yx ~&adx, see Ex, 3. p. 195. 
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s=f8adx=:8ax + (const. =0), 
when x— a, the whole curved surface =8a 2 . 

11. To find the volume and surface 
of the solid ombl, cut off from a right 
cylinder, by a plane omb passing 
through the centre x of the base, and 
inclined at an angle a to the plane of 
the base oml. 

From x draw xl perpendicular to 
om, and let CD ef be a section perpen- 
dicular to the base, and parallel to om; then cdef will be 
a rectangle, and we may regard the solid as being generated 
by the motion of this rectangle parallel to itself. 

Let XG=ar, xo=XL=XM=r; then CF=2cG=2(r 2 — x 2 fr 
and G H or c d = x tan a ; 

/. area gens. rect. cdef=cf . CD =2(r 2 —x 2 )*x tan a ; 

•\ dv or element solid =2 tan a(r 2 —x 2 )*xdx, 

,\ v=2 tan c; 

, ~ ~ 2 tan a 9 3 

and V— 0, when ar=0, 0= h-c, 

u 



/. C= 


2 tan a r 3 


• 2 tan co f n / n ..3, 

/, v or volume ocdem= — g — {r 3 — (r 2 — a* 2 )*} . 


When #=r, the whole solid olbm: 


2 tan a . r 3 


To find the convex surface. Here the generating line is 
3D : putting s f therefore, for the arc oc, 

rdx 


or element surface =cd xd$ — x tan a x 


(r 2 -* 2 )* ' 
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s —r tan a f— - — — — ; = — r tan «(r s — x*)5+c, 

J (r*-a;*)4 

and s=0, when #=0, c=r 2 tan a; 
s or surface OCD=r tan a {r — (r 2 — # 2 )'} ; 
taking ar=r, and doubling the result, we find the whole con- 
vex surface OLBM=2r 2 tan a. 


12. To find the volume of a cylindri- 
cal ring, formed by the revolution of a 
circle, whose diameter is ab, round o 
as an axis. 

Put 2r=AB, the diameter of the re- 
volving circle, and b = the distance of 
the centre of this circle from o. 

Conceive a horizontal section to be made, passing through 
the centre of revolution o, and dividing the ring into two 
equal parts. Parallel to this plane, and at the distance x 
from it, let another section be made ; then this section will 
form a plane ring, whose half-breadth we shall represent by 
t/, and therefore its area=7r(i -j-y) 2 — ^(6— y) 2 — 4nby ; 

dw = gene, area xdx= 4nbi/dx, 

•\ v=4t rbj^ ydx—\nbx % -£ — Tz' l r i b' > 



which is the volume of the half ring; therefore the volume of 
the whole ring=2ir 2 r L 7>. 


3 3. To find the volume of the 
solid formed by the revolution of 
the cissoid about its asymptote bc. 

Taking b as the origin, let 
bq=np— r, qp— bn = y, ob = 2r. 
The equation of the curve, given 
in Art. 23 ., may be thus expressed : 

Kr ._ OM8 _ (OP-BM) 3 . 

BN BN 9 
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2U/ 


that is, ar 2 =^ — ^-...(1). 

V * 

By the formula of parts, 

v = *fy 2 dx = *y 2 x — 2t r / xydy ; 
but from eq. (1), xy=(2r--y) (2/^— y*)\ 

••• S x y d y=K 2r —y) Qry—y 2 i l dy 

~f( r -y) (2r?y -y 2 )ky + rf{2ry-if fidy 
=i( 2 ry-y 2 f + r(cir. area bnk) ; 
v=7r {y 2 a?— f (2ry— y 2 )?— 2r(cir. area bnk)} -fc, 
and v=0, when y=2r> /, 0= — 2rr (cir. area bko)-(-c; 

A v=7T {^(27^— y 2 )3^2r(cir. area nko)} ; 
when y=0, the whole solid =27rr( area semicircle bko) 
=2irrx*-£=v*7*. 

POLAR CO-ORDINATES. 

119 . Let apq be a curve referred 
to polar co-ordinates, the origin being 
at s ; on s as a centre describe the 
circular arcs re and Qq 

Let s p the radius vector = r, £ asp 
= 0, area asp=a, and ap=s, 
then Qe = incr. r, Z. psq = incr. 0, area 
spq = incr. a, and fq = incr. 5. 

area sqQ^sq 2 ^ f r + incr^rl 2 _ f ^ ^ incr. r 1 2 
area SPe~SP 2 1 r J 1 r J ’ 

limiting value of S = 1 ; 

° area sre 
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now area spq is greater than area spe, and less than area 
S^Q ; therefore, a fortiori , 


. area spq . .. . mcr. a , 

limit = 1 , or limit = 1 , 

area spc \r l mcr. B 


\r 2 


dA r 2 dB . 

rfi =1 ,orrf A =-g— ...(1), 


which is the differential of the area asp. 


By Art 1X5., ds = V dx 2 + dy 2 ; 

but sn=sp . cos 0 , and np=sp .sin 6; 
that is, x=r cos 0 , and y=r sin 6 ; 
differentiating these two equations, we have 
dx—dr cos B — r sin B dB, 
dy=dr sin 0-f-rcos BdB, 
squaring and adding dx 2 + dy 2 =dr 2 +r 2 dB 2 , 
ds = V dr 2 + r 2 dB 2 . . . (2). 

This result may also be proved after the method of limits. 

120 . These, as well as other important formulae, may be 
readily derived by the method of infinitesimals. 

Let, as in Art. 56., p. 86., pq=c&, Qc=dr, p e = rdB ; then 
c?A=area spq=^ sp . re ~^ r . rdB —\ r 2 dB , 

ds— p q = p e 2 — v' ( i r 'i _j_ r 2 dB 2 , 

Let fall st perpendicular to Qr produced, and draw sk 
perpendicular to sp; then, when pq is infinitely small, pk 
becomes the tangent to the point p, and sk is called the 
polar subtangent. Put s y=^, and L sqp or L spk=? ; then 

. re rdB 
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2()9 


A Pe rdB /0 v 

tan < p = — = • • • (2), 

r Q e dr v 

r 2 d$ /Q . 
p=ST=r sin 9=~^j • • • ( 3 )> 

r 2 dO 


polar subtangent = SK=r tan 9=-—^: • • «(4). 


Examples. 


Polar Areas, fyc. 

1. To find the area of off in the common parabola, the 
focus f being the origin. See^. p. 15. 

By Cor. Art. 19., r= then by (I)Art.ll9. 

cos 2 g 


' cos 4 g 

«/(l + tan2 |) +tan 2 |^dtan 

2 

— a 2 (ton g+|tan» 


2. To find the area of the spiral of 
Archimedes. 

By Art. 26., r=^ . 0, 


A = \fr l d $ 

-•true-**- 


icr^ 

3a ; 


A 



when the radius vector op has made one revolution, r=OA 

TTO 2 

= n ; the area opqa= . 
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3. To find the area of the leraniscata of Bernoulli. 

Here the equation to the curve is r 2 =a 2 cos 20 ; 

a 2 a 2 

a= £/ r 2 d 0= — f cos 20 dO = — sin 2 0 4- (const. = 0). 

a 2 

If 0=45°, then sin 20=1, „\ 4 lemniscata=^, and whole 
area = a\ 

4. To find the length of the spiral of Archimedes, the 
equation being r=a0. 

By eq. (2), Art. 119 . 

(r 2 + «*)* + £ lo 2 ( r + O 2 + + C, 

by Ex. 2. page 155. When r—0, s= 0, 0=^ log « + c, 

/, the length of the arc from the origin is 

r(r« + a») » « , r+{r*+a^ 

2a 2 S a 

5. The equation to the hyberbolic spiral is r0=a. 

Show that the area swept out by the radius vector from 
0 to r is £ ar. 

6. In the logarithmic spiral r=ae m * ; show that 

*=(i +»; 2 ) i-. 

v m 

7. The curve represented by the equation r=a sin 3 0, lias 
six identical loops formed about the centre of a circle whose 
radius is a ; show that the area of one of these loops is 
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Polar Tangents , fyc. 

8. To draw a tangent to the spiral of Archimedes. 

Here r=~ . 0, and by (4) Art. 120. 

ATS 

i w x „ dO „ 2it 2 tt/- 2 

polar subtangent = r 2 . ^=r 2 . — = — — . 

When r=OA=a (see to 2&r. 2), the subtangent at 
A=27ra=the circumference of a circle described with the 
radius oa. 

9. In the logarithmic spiral r=ae md ; 

dr=mae m9 d0, and ^=— ; 

ar mr 

d6 r 

polar subtangent — r 2 . . 

1 ° dr m 


By (2) Art. 120., tanp=r . ; 

hence in this curve the tangent always makes the same angle 
with the radius vector. 

By (3) Art. 120., 

r 2 dQ _ r 2 d9 __ r 2 

^ ds \/ dr 2 4 - r 2 */0- / /V/rN 2 

V U) +,a 

_ r 2 __ r 
V »** H -t- r- V m 2 4 - 1 * 

10 . In the hyperbolic spiral r0=a ; 

</0 0 

.*. c?r0-f ^0=0, and , = — ; 

dr r 

/, polar subtangent=r 2 . ^ - — r0= — < 
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a constant quantity ; hence the locus of the extremity of the 
subtangent is a circle whose radius is a . 

2cl 

11. Show that the subtangent to the lituus is — ; the 

equation of the curve being r 2 0=a. 

12. In the lemniscata of Bernoulli, the perpendicular p 

7*3 

upon the tangent is 


RADIUS OF CURVATURE. 




121. Conceive a fine cord, fixed at one extremity, to be 
gradually unwound from the 
convex curve boo, then the 
extremity b will describe a 
curve bp v, in which every 
successive portion will be swept 
by continually increasing radii 
op, op, &c. Here op is called 
the radius of curvature to the point p, and o the centre of 
curvature. The curve boo, which forms the locus of the 
centres of curvature, is called the evolute ; and it is obvious 
that the radii of curvature are all perpendicular to the curve, 
and at the same time form tangents to the evolute ; hence 
the direction of the curve at p is always perpendicular to 
the direction of the evolute at o. Hence, also, if any two 
points be taken, on the curve bv, infinitely near to each 
other, then the lines drawn perpendicular to the curve at 
these points will intersect in the centre of curvature. 

As a further geometrical illustration of the principle of 
curvature ; let different circles be swept so as to touch the 
ellipse aba'b' in the point B (see fig. p. 216.); 'then so 
long as the circles fall within the curve of the ellipse on 
each side of b, the radius of curvature at b must be greater 
than the radius of any of these circles ; and, on the contrary. 
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when these circles fall without the ellipse, the radius of 
curvature at b must be less than the radius of any of these 
circles. Hence the circle of curvature is that circle which 
is intermediate between those circles which fall within the 
curve and those which fall without it. 

122. Let pc and qc be two normals to a curve at the 
points p and Q; pt and qt' tangents 
to these points. Let an=;t, np =y, 
s=z the length of the arc bp, c= the 
chord joining p and Q, /.pt 
Z_qT f and R= the radius of 

curvature at p, which, from what has 
been explained, is the limiting value 
of pc as pq approaches o. 



f* 

(1) R= the limiting value of 

For by simple algebra and trigonometry, we have 

c c sine 

C~~sinc * C 


PC sine 
sinPQC ’ C 

Now as the point Q approaches p, the /Lpqc will approach 

nearer and nearer to 90° or ~ as its limit; therefore the 

limiting value of sinPQC is 1: and moreover, by (17) 

sm c 

Art. 28 ., the limiting value of = 1 ; therefore the limit- 

c 

£ 

ing value of -= the limiting value of rc=R. 

c 

(2) Conceiving the point p to move to Q, then 
pq= incr.5, and ij/— iner.tf/. 
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Since Z p and Z Q are right angles, 

^c=Ztjt', but f-+=ZTJT f , 

z c= *//—+= incr.tf/; 

hence, by simple algebra, we have 

incr.iJ/__ Zc _ c c 
incr.s ”“’incr.s”~incr.s * Zc* 

Now as pq or incr.s is diminished, the limiting value of 

j- DCr ‘* is ; from what has just been proved, that of ~ is 

incr.s ds J r Zc 

r, and that of . is 1 , by Art. 144. ; hence we have 

5 mcr. s J 


ds R v J 

Let us now proceed to find R in terms of x and y. By 
Art. 32., we have 

tan i//=tan- 1 


~d£ 

therefore, by form (3) Art. 58 ., 


dx' 


dip— 


d ^ 

dx 


dx 2 


i + dxi + d y i 


■<£) 


dx* , 
ds* • d 


(!)■ 

therefore, substituting in (1) we have 



v>»» ‘ — 
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If a? be the independant variable in this expression, then 
1 dx 2 <Py_dx<Py ( . 

5 ““ 5 ? * 


2 - _(<& 2 + < fo 2 ) 3 

*’* E ~dx>(cPyf~ dx 2 (cPy)* 




When the equation of the curve is given, the radius of 
curvature, to any point in the curve, may be found from 
any of the last three formulae. In the following examples, 
formula (4) is only employed. 
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2. To find the radius of curvature of the ellipse aba'b. 
Taking the centre c as the origin, 



(«•-«■>*. 

dy b x 

dx a — # 2^4 


and 


d?y ab 




(a 2 -* 8 / 

b 2 x 2 a 2 — e 2 x 2 


and 


a\a 2 —x l ) 
a 2 b 2 


, where e 2 = 


a 


2 -7,* 


fd?y\ 2 

U*V ~(a 2 — a : 2 ) 8 8 


a 2 —x 2 ' a * 

substituting these values in the 


general formula (4), we have 

% (a 2 — e*a7*) 3 a 2 # 2 _(a 2 — e 2 # 2 ) 3 

B ‘ (a* (a 2 -**)® * 
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(a 2 — e 2 # 2 )^ 

* • • R — , • 

ab 

Let x and y be the co-ordinates of the point p in the ellipse ; 
draw po' perpendicular to the curve, or, what is the same 
thing, perpendicular to the tangent to the point p ; take off 
po'=to the value of R above found; then o' will be the 
centre of the circle of curvature to the point p, and will 
consequently be a point in the evolute oo / z. In this way 
we may obtain any number of points in the evolute ; how- 
ever, it should be observed, that its equation may be gene- 
rally expressed. 

q3 

Cor. 1. When #=0, it=— r=-T ; that is, the radius of cur- 
ab b 


vature at b=zb = 


b * 


((1? — ■ C 2 0 2 b 2 

Cor. 2. When x = a, r =- — ■ = — ; that is, the radius 

ab a 

b 2 

of curvature at a=o a= — . 

a 


Cor. 3. Since zb is equal to the length of the evolute 
zo'o added to oa, therefore the length of the evolute zo'o 
a 2 b 2 a z — & 3 


=ZB-OA= 


b 


a ab 


The Cycloid . 

3. As this curve is not only interesting in itself, but im- 
portant in its application to mechanical science, we shall 
here notice some of its most remarkable properties. 



Let bp'pb be the cycloid ; lp'o the position of the gene- 
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rating circle, L o being the diameter perpendicular to b'b ; 
a pv the position of the generating circle when it has rolled 
over one half its circumference ; then ap is the diameter of 
the generating circle and perpendicular to bb' ; hence b'b 
and ap are the axes of the curve ; from p' let fall p'm per- 
pendicular to ap cutting lo in Q, and the circle App in p. 

(1.) Since rM=OQj & c., the triangles pm^ and oqp' are 
identical; therefore op' is equal and parallel to p p; and 
similarly p'l is equal and parallel top a. 

(2.) It lias been shown ( Ex . 5., page 1 13.) that p'l is the 
normal to the point p, and therefore op'r forms a tangent 
to the curve at p'. Hence we have the following easy rule 
for drawing a tangent to any point p' in the cycloid : from 
i"' draw pm perpendicular to the axis ap, and from the point 
p, where that line cuts the generating circle on the axis, 
draw the chord p r, and through r' draw op'r parallel to 
pp, and it will he the tangent required. 

(3.) Let tt' touch the generating circle op' la' in the 
point p', then, from an obvious property of the circle, the 
tangent rp'o will bisect the /_ hp't'. 

(4.) To find the equation to the cycloid, taking the 
vertex p as the origin. 

Since circum. semicircle Apv—A b, and arc Ap=rarc lp' 
= lb, therefore, by subtraction, arc pp=AL=p'p. 

Let pm=x, mp'=//, ap=2v ; then 

y=Mp+p'p=Mp + arc rp ; 

but arc p p=r versin -1 and m p = v'am . up=(2rx— x 2 )^ 


i X 

•\ y=(2rx— &Y + r versin- 1 - ; 

, (r—x)dx rdx {2rx^x 1 y i dx 

\ dy=— — , -f r =- ; 

(2rx— x 2 )J (2rx—x 2 )* x 

. dy_ {2rx—x')l 
* * <tx x ‘ ' ' ’ 
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which is the differential equation of the cycloid, taking the 
vertex p as the origin. 

(5.) To find the length of the cycloid. 

i . i > 2rx—x*_2r 

dx=2 V2rx + C; 

and C=0, since s—0 when #=0; 

arc pp'=2 V': 2rx—2pp ; 

that is, the arc of a cycloid is equal to twice the chord of 
the corresponding arc of the generating circle. 

When x—2 r, the arc of the semicycloid = ±r = twice the 
diameter of the generating circle. 

The rectification of this curve was discovered by Wren. 

(6.) To find the area of the cycloid. 

Here, by integration of parts, 
area pp / m= f ydx—yx — f xdy 

—yx— f(2rx—x 2 )^dx, by eq. (1), 

—yx— cir. area p pm 

When x=2r, y=AB=7rr, and cir. area ppm becomes area 
semicircle ppx—\nr 2 \ therefore area of the scmicycloid 
p b A —2%r l — \nr 2 = 3-vrr 2 , and area of the whole cycloid = 
37 rr 2 =three times the area of the generating circle. 

(7.) To find the radius of curvature of the cycloid. 

By Ex . 5., p. 113., we have, 

dy _ {2ry -y*)* . 

dx y ’ * * + \dx) y * 

L 2 
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differentiating this latter result, we have, 


2 r 

dy d*y_ dx 
dx * dx 9 y % 

* # dx*~ v 


2r dy 
y 2 ' dx* 


substituting these values in the formula for R*, we 


R=2^27y=2 a/bd . br=2pb (see Jig . p. 21.). 

Hence it appears that the radius of curvature to any point 
in the cycloid is double the normal to the same point. Thus, 
in Jig . p. 212., if bvb' be the cycloid, and the lines po the 
radii of curvature, then the axis bb' will bisect all these 
radii. From this property it may readily be proved by 
common geometry, that the evolute boo is a cycloid precisely 
the same as the semicycloid bpv. 

4. In the cubical parabola, 3a 2 y—x 3 , and the radius of 

(e^-far 4 )^ 
curvature R= v ~ • 


5. In the rectangular hyperbola referred to its asymptotes, 
ry—m 1 , and • 


6. In the catenary, y= ~(e°+e *), 

^ == irJ_ e -7 ) <Py_ a . 
dx Hr >' dx* ~~ y» d ’ ’ 
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To express the limiting Value of the Sum of a Series in the 
Form of a definite Integral . 

123. The sum of a series may be expressed by placing the 
symbol 2 before its general term. Thus, if Lx be put for 
the increment of the variable x , and f(x) L x for the general 
term of a series, we have 

<ga+(«_i>4* Ar J —f( a )Ax +f(a + Ax)Ax+/(a + 2Ax)Ax 

+ ...+/(« + »— lAx) Ax... (1), 

where 2 symbolises the word sum , and the general term 
i\x) Lx is the type of a series of terms, connected by the 
sign of addition, taken from x—a to x~a-\-{n — \)Lx, the 
increment of x in passing from one term to the next suc- 
ceeding one being Lx ; hence we say that the whole symbol 
indicates the sum of a series taken between the limits x- a 
and x—a + (n — 1)A#. With the view of leaving the limits 
indefinite, in oAer that they may be assigned to suit the 
peculiar conditions of a problem, the sum of a series is 
sometimes simply expressed by 2 f(x)Lx. 

In the curve aqp let am=a, an=x, np = ?/=/U). 
Let mn be divided into n equal parts, viz., m r=rt— &e. 
=.Lx ; and on these bases let rect- 
angles be constructed as in the an- 
Then mn = x — a ; 
x—a 


nexed figure. 


Mr or Lx—~ 


nLx = x — a. 



Also from the equation to the curve, 
y=f(x), MQ =/(“)> rs=f(a+Ax), 
tv—f(a + 2 Lx), and so on, the 
(n— l)th ordinate gp—f(a + n— 1 Lx) ; hence area rectangle 
Qr=MQ.Mr==/(flO&;r, area rectangle st—rs. rt=f (a+ Lx)Lx, 
and so on; the area. rectangle px=gp . g'R—f(a + n — lLx)Lx. 
Hence it appears that series (1) expresses the sum of all 
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the rectangles inscribed in the curved space mqpn. But 
since a j- (n— l)Aa?=AN— gN~x— Ax, this series may also 
be expressed by ^T* x \f(n) A a?]. 

Now, Art. 1X3. eq. (1.), the sum of these rectangles ap- 
proaches nearer and nearer to the area of the curve mqpn 
as Ax is diminished, or, what is the same thing, as the 
number of parts n is increased. But, by Art. 113., area 

/~*x 

M Q P N = / f(x)dx ; 

.\ / f{x)dx=Y\xa\t of [f(x)Ax] ...(2). 

e / a 

This theorem is very important as it regards the applica- 
tion of the calculus to mechanics, and indeed to almost every 
branch of general physics. 

The indefinitely small rectangles (or other portions into 
which we suppose the integral quantity to be divided) are 
called elements; thus the limit of f(x)Ax or f(x)dx is the 
element. § 

124. As a geometrical illustration of this theorem, let 
aqp be a straight line (see the last fig*), and y=x its equa- 
tion ; then we have for the sum of all the rectangles inscribed 
in mqpn, 

v [xAx] = aAx + (a + Ax)Ax + . . . + (x — Ax)Ax 

/?- A x 

=(a-f x—Ax) ■ by summing the series, 


_x 2 — a 2 (% — a ) 2 


since Ax=- 


u, — w , 

= — ^ — , when n= ao ; 

£d 

which is the area of the trapezoid mqpn. 

Now we have also by integration 

/** x 2 — o 2 

areaMQPN=y xd r= — ^ — ; 

which verifies the theorem in this particular case. 
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125 . The method of dividing a quantity into elements , and 
then taking their sum, may be readily employed for finding 
expressions for areas, length of arcs, &c. For example, let 
it be required to find an expression for the volume of the 
solid generated by the revolution of the curve apqm about 
the axis am. (S eey%. page 196.) Here, taking as our ele- 
ment the cylinder generated by the revolution of the rect- 
angle nmlp; then assuming that the solid aq q is the limit 
of the sum of all the infinitely small cylinders into which we 
suppose it divided, and of which tt y*£x is the type or general 
form, we have 

limit {vy 2 ±x} —vj^ "y-dx — V, 

or the volume of the solid aq q. 

In all formulae connected with the application of the cal- 
culus, it is important to observe, that the second, as well as 
all higher powers of £x, may be neglected, since, when the 
limiting value of such formulas is taken, any error arising 
from this source must vanish. 


APPLICATION OF THE CALCULUS TO MECHANICS, & . 

Centre of Gravity of Plane Surfaces . 

126 . The property of the centre of gravity of any plane 
surface mqpn( = tw) is as follows (see fy. page 221.) : Let the 
whole area be divided into any number of parts; then, sup- 
posing the surface to turn about a;/ as an axis, the sum of 
the moments of these parts is equal to the moment of the 
whole area considered as acting in its centre of gravity G. 
From this property the distance, Gw(-x), of the centre of 
gravity G from the axis A y is determined ; and in like 
manner the distance, G?i=Y, from the axis A.r is determined. 

Let the surface mqpn be divided into elements or indeli- 
nitely small rectangles, as in Art. 123 . ; then the moment of 
any one of these rectangles will be its area multiplied by its 
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distance from the axis of motion Ay : hence, adopting the 
notation there given, we have 

moment element N p= area N p x AN*=#yA#, 
the sum of the moments of all the rectangles Q r, 
st, . . n p=^ x —* x {xyAx} , where xy is some function of x; 
but moment area MQPN=area mqpnxg?»=jm.x, 


: limit of {xyAx} =/• xydx. 


by theorem (2) Art. 123 . ; 



m 


A similar expression may be found for the value of Y ; 
but one more convenient for calculation is determined as 
follows : — 

Conceive the surface anp to turn about A x as an axis; 
then the moment of any one of the rectangles Qr,st, ... , n/>, 
will be its area multiplied by the distance of its centre of 
gravity from ax : hence, if o be the centre of gravity of the 
rectangle np, we have 

moment Njo = area N px og—yAxx ly—ly 2 ^#, 
m . y= limit of [\y 2 &x] = 




When AM=a=aO, then we have for the centre of gravity 
of APN, 


G m or x= 


xydx 


* Here a n may be taken as the distance of 1 1 e centre of gravity ot 
the element n p from the axis Ay, since \v:n n the limits are taken any 
error from this assumption vanishes. 
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and G7i or Y= £ 


Jo‘ Xy2dX 


■ ■ ( 4 ). 


Ex. 1. Let aqp be a parabola ; required the centre of 
gravity of AN P. 

Here y 2 =4a#, and by Ex . 2., Art. 113 ., 
m— area apn= § rry= 
therefore by formula (3), 

/ >X P X 1 3 

xydx / 2 cfrx^dx 

_c/o 

3 £ 


Gw» or x= 


m 

1 5 


. 1 3 

ScPX* 


=!—=!*= |an. 

fa-ix* 


Also from formula (4), 

/ X s*x 

y 2 dx / ±axdx 
1 «-/o 

x — TT • ' — fj • T~ 5 


Gw or 


fa'** 


= faM=|y=^NP. 

2. Let anp be a portion of a circle, an being a line pass- 
ing through the centre. 

Here y = (2ax - x 2 )^ is the equation to the circle, 

/, f xydx— ( x(2 ax — x^dx 

= (a—x)(2ax—x 2 )^dx+J a{2ax—x % )^dx 

= — $(2ax— a. ,2 )* + cl . circ. area anp; 

xy** 00 — ^(2ax— a; 2 )* 4- a . cir. area anp 


• ic — - 

» • A— 


m 


cir. area anp 


l 5 
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_ —(2 ax-x 2 f 

3 circ. area anp 1 * 


Also r=£ 


J f y' 2 dx ( (2ax — x*)dx 

o i c/o 


a# 2 — -^a ? 3 
2 cir. area anp* 


4 a 


When #=a, anp becomes a quadrant; then x=a — . 


and y= 


4a 

3* 


Centre of Gravity of a Solid of Revolution. 


127 . Conceive apn to revolve about the axis ax, then 
the solid that will thus be formed will obviously have its 
centre of gravity somewhere in the axis ax; let n be the 
centre of gravity, put aw==x, and volume solid <=w. Now 
regarding the solid to be made up of a series of cylindrical 
laminae, formed by the revolution of the infinitely small 
rectangles Qr, st, ..., np; the moment of the whole solid, 
supposed to turn upon Ay as a fulcrum, will be equal to the 
sum of the moments of these cylindrical lamina;. But the 
moment of the cylindrical lamina formed by the revolution 
of np = solidity lamina x an— %y 2 Ax x x='iry 2 xAx ; 

sum of all the moments of these laminae 
z='5l~* x {jry^xAx} , where y 2 x is some function of x ; 


m. x = 2, a {ny 2 xAx} =ir / y 2 xdx, 
2 

<7 r/ y 2 xdx 

•••(!> 


• • 


X 


m 
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Ex. 1 . Let the body be a segment of a sphere : 

y*^=2ax — x 2 ; 

hen, integrating between x=0 9 and x=x 9 we have 

J'Jy'-xdx =£\%ax — z 2 )xdx=-~ -**, 

and Ex. 2, p. 200., m=ic(ax 2 — ^-/r 3 ) ; 

7 xj* y 1 xdx 


.% X=A«=s- 


ir^aa.^ — ^r^ 4 ) x(&a — 3x) 
it (az^—^x 3 ) ~~ 4(3 a — x) ’ 


When the segment becomes a hemisphere, then x=a , 
5a 


xnd x= 


8* 


2. Let the body be a paraboloid : 

y^ — ^ax^ 

y 2 xdx=J 4ax 2 dx=%ax 3 , 
ind Ex. 3. p. 200 ., m= lTry 2 x=2irax 2 , 


ic I y 2 xdx 

. v _ t./n 


\ X 


_ 2W jX ' 


Centre of Gravity of a Curved Line . 

128. Let arc qp=s, arc pv=&x (see p. 221 .), the 
other notation being the same as in Art. 123. Supposing 
the curve to turn upon a.t as an axis or fulcrum, then the 
moment of the whole arc qp will be equal to the sum of the 
moments of the arcs qs , sv,..., p p. Now the moment of the 
arc Pjo=PN . pp=yAs ; 

sum of all the moments of qs, sv, ..., j9p=2yA$; 

L 6 
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s . T=limit of 2 ybs=fyds, 

... y== y>* . . . (i). 

s v ' 

Similarly, x= ^ — ... (2). 

Ex. 1. To find the centre of gravity 
of the circular arc dp. 

Let CN=a:, NP=y, cp or CA=a, 
and i)P=.v; then 

9—2 *» ■» adx o f Jx 

ip—a l — x 1 , and as= — — ; 

{a 1 — x 2 )h V 

/ X /~*x 

yds= / adx=z ax , . \ by eq. ( 1 ) 
c/o 

f X yds 

y=s «/o 



If dk he taken equal to dp, then the centre of gravity g 
of the arc pdk must obviously lie in the line CD, 

ax <ix2,r radius, chord pk 
y=cg=-=- 


2s 


arc pk 


Acceleration of Motion by given moving Forces. 

129 . When a body descends freely by the force of gravity, 
the moving force is measured by the weight of the body, or, 
what is the same thing, by the pressure which it would exert 
upon any obstacle. If the resistance of the air be taken into 
account, then the moving force, at any instant, is measured 
by the weight or pressure of the body minus the opposing 
pressure or resistance of the air. Thus, therefore, moving 
forces are measured by the unbalanced pressure exerted on 
the moving body. In the case of gravity, the moving ioree, 
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or pressure producing motion, being constant, the descending 
body acquires equal increments of motion in equal times. 

Let p and p, be the moving pressures exerted on two 
equal bodies, and f and f / the increments of velocity which 
these moving pressures respectively produce in the same in- 
terval of time (p and p / being supposed constant during this 
interval), then it is determined by observation and experi- 
ment, that p l p 7 : : f lf /9 that is, the moving forces or 
pressures are measured by the increments of motion they 
communicate in the same time. 

Let the pressure P / be the weight w of the body, then f t 
will be equal to g (=32^), the increment of velocity com- 
municated by gravity in one second. 


p : w y.fiffi p=~./ . . . (l). 

For example, if f=?g, then P=ivr, that is, the moving 
force is one-half that of gravity. Now regarding the incre- 
ment of motion, communicated to a body by a moving pres- 
sure in one second, as the measure of that moving pressure ; 
let v be the velocity of the body acquired in t seconds, the 
moving pressure at the end of that time being measured by 
/; and let Av and A f be the corresponding increments of r 
and f in the increment of time A t; then if the force f were 
acting uniformly for A t seconds, fx A t would be the incre- 
ment of velocity, and if the force f-\~Af were acting uni- 
formly for A t seconds (f-\-Af) A t would be the increment of 
velocity ; and it is obvious that Av is intermediate between 
these. Hence as At approaches 0, we have 

limit of limit of (l +^) = 1. 


Av 


a fortiori , limit of y. — — =1, 


1 dv 
f ' di ’ 


.*./= 


dv 
~ dt 


( 2 ). 
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Substituting this value of f in eq. (1) 

p=?./= w 4v . . (3). 

9 9 dt w 

Let ^ be the space described in t seconds, and v the velocity- 
acquired in that time ; and also let As and Av be the incre- 
ments of space and velocity in the increment of time A*. 
The space which would be described in At seconds with the 
uniform velocity v is vAt , and that which would be de- 
scribed in the same time with the uniform velocity v + Av is 
(v + Ai;)AA It is obvious that As is intermediate between 
these. 

Hence, as At approaches 0, we have, 

limit of A v ^— = limit of (l + — ) = 1 ; 
vA t \ v J 

A s 

.% a fortiori, limit of — — — = 1, that is. 


1 ds 
v ' dt" 


. . . (4). 


Differentiating this equation with respect to t, we have, 
; therefore by eq. (2), 

/=£=§••• «>■ 

Multiplying (2) and (4), 

fds~vdv, orf — ^ . . . (6). 

Substituting this value of/* in (1), 

W „ w vdv ^ 
g J 9 ds K > 

Equations (6) and (7) are generally most easily applied 
to the solution of problems. 
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Examples. 


1. Let the accelerating force be constant, as in the case of 
gravity. 

Here, putting g for f, we have, by eq. (2), 
dv—gdt ; therefore by integration. 


v—gt - f c ; 

if t — 0 when v=0 , that is, if the motion commences with 
the time, then c=0, and 

v—gt. 

By eq. (4), ds—vdt—gtdt, by substituting the value of v ; 
hence by integration, 

gt 2 vt 

s ~~2~~2' 

These results are the same as those derived in (15) page 
29. 

2. A body falls towards the centre of the earth ; it is re- 
quired to find the motion of the body, assuming the force of 
attraction to vary inversely as the square of the distance 
from the centre. 

Let r=the radius of the earth, g=the force of attraction 
at its surface, a=the distance of the body from the centre 
at the commencement of its motion, and #=its distance at 
the end of t seconds ; then 


/: 9 


2.i. 

X ' 8 • f* ; 


f- r ^9. 


substituting this value of y’in eq. (6), observing that in this 

case s=a—x, and .% ds=—dx , we find 

r 2 qdx . 

■% - —vdv ; 

x 2 

4 » 

therefore by integration and reducing, 

2r-g 
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The constant c depends upon the initial velocity of the 
body, that is, upon the velocity which it has at the com- 
mencement of the motion. Lq t v=0 when rc=a, then 0 

a 

. 2 r*g__2r*g(a-.x) m 

• • ° — • 


* + c ; 


When the body arrives at the surface of the earth, then 
x—r, and 


®=a/ : 


2 rg( a —r) 
a 


a j* 

If a be infinite, then = 1, and 

a 

v= ^2rg. 


Supposing, therefore, that there is no resisting medium, 
if a body be projected vertically upwards with this velocity, 
it would never return to the earth. Taking the radius of 
the earth to be 4000 miles, this velocity will be about 7 miles 
per second. 

3. To find the vertical motion of a body near the surface 
of the earth, supposing the resistance of the air to vary as 
the square of the velocity. 

When the velocity of the body is unity, let the resistiiig 
force of the air be m, the accelerating force of gravity being 
g ; then the resisting force of the air, when the velocity is v, 
will be represented by mv 2 ; therefore the force accelerating 
the body when its velocity is v , will be 

f—'J —mv 2 ; 


therefore by eq. (2) we have, 


g—mv* 


dv 

= di 5 


dt= 


dv 


g—mv £ 2 g' 


=i( 


T “ — 1 i 

+ ?n 2 v g- 


rV) 

—mv' 


dv; 
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t= 


2V; 


7 *—mrV 


mg 

where the constant is 0, since v=0 when t=. 0. 


This expression determines the time in terms of the 
velocity acquired ; and by an easy algebraic artifice, we can 
find, from this equation, the velocity in terms of the time. 

To find the space s , we have by eq. (6), 

vdv— f ds mv 2 )ds ; 

, vdv 

ds=~ 

g — mv 2 


C v ^ v i . , ox 

. s — k — log (g—mv 2 )+ c, 

J g—rnv 2 2 m ° J 

and v=0, when s — 0, 0= — ^ log g + c, 


s=r. — j log n — log (q — mv 2 ) 1 ==-— log — — 
2 m V ° 'J 2 m °g-m 


Formula relative to Work done by a Variable Pressure. 

130 . Let p lbs. be the variable pressure applied to the 
body when it has moved over x feet, and u the work done 
over that space ; then du=rdx. 

Let Ax be the increment of space, corresponding to Au 
and A p the increments of work and pressure respectively; 
then AU will obviously be greater than p x Ax, and less than 
(p-fAp)Aa? ; but we have 

limit of — — - = limit of f 1 -f — ) = 1, 

P. Ax \ P J 9 

a fortiori , limit of ^—-- = 1, that 


d *= vdx ••• o> 



231 


INTEGRAL CALCULUS. 


Or thus: suppose the piston of a steam engine to be 
moved from ef to DC under any variable pressure. 

Let /=ad the total length of the stroke ; 
a=ae the space through which the steam 
acts with a uniform pressure; Pj = the 
pressure at ef, where the steam is cut off 
from the boiler ; a?=AK the height of the 
piston at kq when p is the pressure of the 
steam; Ax— Kn where nm is the position 
of the piston indefinitely near to kq; and 
u= the work done from ef to i>c. 

Now suppose the pressure p to act uniformly through the 
small space Ax, then pxA# will represent the work done 
through this space, and Ip A# will represent the sum of all 
the elements of work done from ef toDC; moreover since 
p is always some function of x , we have by theorem Art. 123 . 


u= limit of IpA#= 


c= =^ ?dx . . . ( 2 ), 

which is the same as the preceding expression. 

The work done from ab to ef will obviously be repre- 
sented by flPj, hence for the total work we have 

Tj^ar^+J^ p dx . . . (3). 

Cor . 1. Let w be the weight of the mass moved, 


then 


v 2 w 



(See “ Exercises on Mechanics,” p. 89 ) 


Differentiating this equation, we find 

w 

d u= — . vdv • , . (4), 
therefore by equating with (1 ) 
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which is the same relation as (7) Art. 129 . 

Substituting in this equation the value of ds or dx ob- 
tained from (4) Art. 129 ., we find 


p 


w dv 
9 dt 


• • (6), 


which is the same relation# as (3) Art. 129 . 


Examples. 

1. To find a general expression for the work done upon 1 
inch of the piston of a steam engine, when the steam acts 
expansively ; assuming that the law of Mariotte applies to 
the expansion of steam. 

Here, using the notation and figure of the preceding 
article, we have 

Q P 

By Mariotte’s law, r=-~, 

~ , [*a\ y ,dx , 
jvdx— I — — =ap 1 log x + C, 

hence by formula (3), we have 

u^aPi-b 

2. Let w lbs. be the weight of a railway train, iv its ve- 
locity in feet per second at the moment the steam is turned 
off, q the coefficient of the friction of the rail, p lbs. the re- 
sistance of the atmosphere to the whole train when the speed 
is 1 foot per second. Required the space which the train 
will move over before it stops, &c. 

In this case we shall employ formulce (5) and (6). Let v 


log £}. 
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be the velocity pf the train when it has passed over x feet, 
then the retarding force or pressure at this point is 

P = — qw—pv 2 , 
therefore by formula (5) 


~(qw +pv 2 )dx= — . vdv, 

Q 


dx— — 


w 


vdv 


g q w +pv* 
hence by integration, we find 
w 


log (jw+p ! ) + c, 


% 

and since x=0, when 

0= log (qw +pv*)- f-C, 

. x -^Ll 0 „?^+pr, 2 

'* 2pg ° qw+pv*’ 

which is an expression for the space moved over when the 
velocity is v . When v=0 , that is, when the train comes to 
a state of rest, we find the whole space moved over to be 

_ W _l 0 c 


{*+£'}• 


To find the time t, we have by eq. (6) 


—qw—pv 2 =— 






w cfo 


9 ‘ 




gr qw+pv 2 


P£ qw 
P 




— tan- 1 A /-JLqi* 

piffql V ?W P+ ^ 


bj forms (V) page 139. 
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When £=0, v=v 4 , and 



which expresses, the time corresponding to the velocity v. 
When v=0, that is, when the train comes to a state of rest, 


we find the whole time to he 


w* 



Centre of Gyration. 

131 . It is shown in the Author’s “ Exercises on Me- 
chanics,” &c., p. 92., that the work accumulated in a rotating 
body is not altered when the whole mass is collected in its 
centre of gyration ; and moreover that the work in any 
rotating particle is equal to its weight in lbs. multiplied by 
the square of its distance from the axis of rotation divided 
by 2g , the velocity of a particle at 1 foot from the axis 
having a velocity of 1 foot per second. Let m be put for 
the volume of the body, w the weight of each unit, k the 
distance of the centre of gyration from the axis, Am the 
volume of any small particle at the distance r from the axis ; 
then the weight of the whole bod y=wm, the weight of the 
particle A?n=wAm, the accumulated work in this particle 
wAmr 1 

— - if — * an< * tlie accumu ^ ate d work in the whole body 

— ; therefore the work accumulated in all the particles 

composing the body may be represented by ~ Sr 3 Am, 

^9 
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wmk 2 

*'• ~W 


limit of 


w 

29 


Zr 2 Am ; 


now since r is always some function of therefore by 
theorem, Art. 123 ., and striking out the common factors, 
we find 


mk 2 —- limit of 2r 2 Am=fr 2 dm ... (1), 


/. U 2 




where the limits of the integration are left to he assigned by 
the nature of the problem which may be proposed. 

The moment, of inertia of a body is equal to its volume 
multiplied by the square of its radius of gyration. Thus 
if i be put for the moment of inertia, then i —?nh 2 ; and 
eq. (1) shows that the inertia of a body is equal to the sum 
of all the moments of inertia of the particles composing it. 

Hence if v be put for the velocity of a point 1 foot from 
the axis, the work accumulated in the rotating body 
__ T7 _ weight x velocity 2 _ wm x (vh) 2 __ wv 1 
~ V ~ 2 g _ 2g ~ ' U 


Examples. 

1. To find the radius of gyration of a uniform rod ab 
revolving about its extremity a. 

Let us first solve the question without the aid of the 
calculus. 

Put «=the cross section of the rod, 

/=ab; and let ab be divided into n : -h 1 1 ! iTI'D 

a l i> U w » 

small equal portions, then — will be the 
n 

l 21 

mass of each, and their distances from a will be — , — , 

n n 

3 / nl 

-—>•••» 5 therefore the sum of their moments of inertia 

n n 

will be represented by 
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© s of Z 2 jy aZ, /3/y a/ /»fy 

\ n) n + \ n) ’ ft**" + \ wj n 


—aP * ~ 3 { l 2 + 2 2 + ... -fra 2 J- = ^ 3 , when ra = a, 


by (12) page 27. 

Now this is equal to the moment of inertia of the whole 
rod, supposing its matter collected in its centre of inertia, 
hence we have 


\—mk 2 —alk 2 . 



which is the radius of gyration. 


0) 

l AB 

V'3 = \/3’ 


Let the rod extend to the left of a, making ad=ab ; then 
if ft t be put for the radius of gyration of the rod db, rotating 
upon its middle point A as an axis, we have the moment of 
inertia of the two parts ab and ad — 2a/£ 2 , by eq. (1) ; 

and moment of inertia of the whole rod db — 2alkJ i ; 


/. 2 alk*=2dlk\ 


ft^—ft— 


l db 

V'3"“2v r 3* 


Again, let AN=a?, and the length of an indefinitely small 
portion at n==A#; then the volume of this small por- 
tion =aA#, and the volume of the rod an =a#, hence by 
formula (1), 

ax x A 2 =limit of 2 (x 1 x a Ax) 



• ft?— Ad ft 

* 

when x=l } then k = — 

v o vu 
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2. To determine the radius of gyration, &c. of a circle 
cdq revolving about its centre o as an axis. 

In order to illustrate the process of 
reasoning pursued in this subject, we 
shall solve the problem independently 
of the general formula (2). 

Here let us suppose that the circle 
is made up of a series of concentric 
rings as abpgk; put oA=r, Aii=Aa?, 
and then the volume of the ring ABFG = w(.r + Aa*) 3 

— Trx 2 — 2'7tx&x, neglecting (Ax f according to Art. 2.25. ; hence 
the moment of inertia of this ring z=x 2 < ( vol. ring) 2^ Ax ; 
and as this may be regarded as the general type of the 
moments of every ring in the series making up the circle, 
the sum of the moments of all tlie concentric rings may be 
represented by 2ic£ofiAx, 

•\ i — limit of 2v1a?Ax 

— 2irfi?dx=-^ + C, 



taking this between the limits of x—x, x—a, that is, making 
successively x=a, x—x, and subtracting, we find 



— 0=0 (« 4 


**)••• (1). 


which is an expression for the moment of inertia of the cir- 
cular ring bcdfq. Let k be the radius of gyration of this 
ring, then 

i= area ring x k 2 =zv (a*—x*)k 2 ; 

-7r(a 2 — (a 4 —# 4 ), 

*= {K« 2 +* 2 )V 3 • . . (2), 
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which is an expression for the radius of gyration of the cir- 
cular ring bcdgf. 

Making a?=0, we obtain 


k= 


a 

V2 * 


..(3) 


which is an expression for the radius of gyration of the 
whole circle cdq. 


Making x=a in (2), we obtain 

k—a . . . (4). 

It is obvious that these formulae will not at all be altered 
by supposing the circle to have any given thickness ; hence 
formula (2) is an expression for the radius of gyration of 
the rim of a fly wheel, (3) that of a circular wheel of 
uniform thickness, (4) that of a circular hoop revolving on 
an axis passing through its centre and perpendicular to the 
plane of the hoop. 

If h be put for the thickness of a hollow cylinder, whose 
external radius is a 3 and interior radius b ; then by eq. (1) 
we have the moment of inertia 


If 6=0, then we have for the moment of inertia of a 
cylinder, 


7r a 4 h 



..( 6 ) 


3. To determine the radius of gyration, &c. of a sphere 
revolving about its diameter. 

Let be the thickness of a thin lamina, formed by planes 
perpendicular to the diameter, x being put for its distance 
from the centre of the sphere ; also let a— the radius of the 
sphere, and y— the radius of the thin lamina. Now, since 
this lamina may be considered as a thin cylinder, its moment 
of inertia -= by eq. (6), Ex. 2. But the moment of 

inertia of any zone of the sphere is equal to the sum of the 
moments of ail such thin lamina? making up that zone, 

M 
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i = limit of S(^7ry 4 A^)= |«^' fdx. 


Now by the equation of the circle y 2 — 



c? 2 — # 2 , 

-$a*x s + {x 5 ), 


which is an expression for the moment of inertia of a zone, 
whose breadth, measured from the centre of the sphere, is x. 

When x=a, we have the moment of the semi-sphere 
= i 4 5 -irfl 5 ; and therefore the moment of the whole sphere 


Strength of Material. 


132 . When a beam ab undergoes a transverse strain, by 
the pressure of a weight w placed 
upon it, the material on the upper 
side a d is compressed, while that 
on the under side a. ' (V is extended. 

That imaginary point n within the 
section of rupture a d , which nei- 
ther undergoes compression nor 
extension, is called the neutral axis of rupture. 

When the lower fibres of a beam are upon the point of 
yielding to the force of extension, at the same time that the 
upper fibres are upon that of yielding to the force of compress 
sion, then (supposing the beam to remain nearly horizontal) 
the sum of the forces extending the fibres on the under side 
of the neutral axis are equal to the sum of the forces com- 
pressing the fibres on the upper side. 



Let cZ=the depth of the beam ; 

2> = its breadth ; 

a, a, — the respective distances of the neutral axis n from 
the top and bottom of the beam \ 
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ffi^the compressive and tensile forces respectively 
exerted by a sq. in. of the material at the dis - 
tances a and from the neutral axis ; 

Z=ab, the distance between the supports; 
x—?w, a variable distance from n. 


To find the Position of the Neutral Axis in Rectangular 
Beams . 


Assuming that the force with which a fibre resists com- 
pression or extension, as the case may be, is in proportion 
to the extent of compression or extension of that fibre, hence 
we have 


compressive force per sq. in. at v— 


f x . 

a 


area of the element of surface at v~b±y; 

f v 

compressive force of the element of surfaces* ^ x bXv 

=A.u, 

a 

sum of all the compressive forces =^5^^ 


=&.r 

aj« 2 


Similarly we have 

sum of all the tensile forces C xd.v=^\ '' ' ■ 

a, Jo 2 

But these are the only horizontal forces acting upon the 
fi bres ; 
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- /«=/>, • • • (1) ? 

which expresses the relation of the distances of the neutra 
axis from the upper and under sides of the beam. 


Conditions of Rupture. 

Now when rupture is about to take phiee, the beam turn? 
upon the neutral axis •//., as a fulcrum ; lienee the tendency 

w 

of any fibre to resist the moment of the force } , tending tc 

rupture the beam, is the moment of the force of that fibre 
referred to n as the centre of motion. 

Moment of the element undergoing compression = 
force of the element undergoing compression x its distance 
fb fh 

from the neutral axis = -- - x±x xx=- x 2 \r ; 

a a 


sum of all the moments of the forces of compression 

. . . ( 2) . 

a 0 aj 0 d 

Similarly we have 

sum of all the moments of the forces of extension 

a , */o & 

But the moment of the pressure tending to rupture die 

w / 

beam, is expressed by ~ x } . Now this moment must be 

equal to the sum of the two moments expressed by eq. (2 ) 
and (3), 

W l fba 2 fin 7 2 b r 

= o{ «-'l -/A 2 }, 


but by eq. (1), /<*=/>„ 
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*'=! IW+/A-) =4V + «.)=^, 


\fabd 

W =^sr or 


3 

±f,apd 

SI 


...(4). 


Now is the direct tensile strength of the beam, there- 
fore the transverse strength of a beam, loaded in the middle 
and supported at the extremities, varies as the direct tensile 
strength, multiplied by the depth of the neutral axis divided 
by the distance between the points of support. 

Cor. 1. When the force f with which the fibres resist 
compression is equal to the force f s with which they resist 
extension, we have, by eq. (1), 

fa=fa„ a—a^^d, 
therefore eq. (4) becomes 


w 


2/M* 

SI 


...(5). 


Cor. 2. If the beam is absolutely incompressible, or f—cc, 
then a— 0, and a y =d. In this case eq. (4) becomes 

r _4 fjb* 

SI 


w= 


-...( 6 ). 


On this important subject, the student may consult Mose- 
ley’s “Mechanical Principles of Engineering,” and Hodg- 
kinson’s edition of “ Tredgold on the Strength of Materials.” 


THE END. 
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